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Abstract

The average reward criterion is relatively less stud-
ied as most existing works in the Reinforcement
Learning literature consider the discounted reward
criterion. There are few recent works that present
on-policy average reward actor-critic algorithms,
but average reward off-policy actor-critic is rel-
atively less explored. In this work, we present
both on-policy and off-policy deterministic policy
gradient theorems for the average reward perfor-
mance criterion. Using these theorems, we also
present an Average Reward Off-Policy Deep De-
terministic Policy Gradient (ARO-DDPG) Algo-
rithm. We first show asymptotic convergence anal-
ysis using the ODE-based method. Subsequently,
we provide a finite time analysis of the resulting
stochastic approximation scheme with linear func-
tion approximator and obtain an e-optimal station-
ary policy with a sample complexity of Q(e~25).
We compare the average reward performance of
our proposed ARO-DDPG algorithm and observe
better empirical performance compared to state-
of-the-art on-policy average reward actor-critic
algorithms over MuJoCo-based environments.

1. Introduction

The reinforcement learning (RL) paradigm has shown sig-
nificant promise for finding solutions to decision making
problems that rely on a reward-based feedback from the en-
vironment. Here one is mostly concerned with the long-term
reward acquired by the algorithm. In the case of infinite hori-
zon problems, the discounted reward criterion has largely
been studied because of its simplicity. Major recent develop-
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ment in the context of RL in continuous state-action spaces
has considered the discounted reward criterion (Schulman
et al., 2015; 2017; Lillicrap et al., 2016; Haarnoja et al.,
2018). However, there are very few works which focus on
the average reward performance criterion in the continuous
state-action setting (Zhang & Ross, 2021; Ma et al., 2021).

The average reward criterion has started receiving attention
in recent times and there are papers that discuss the benefits
of using this criterion over the discounted reward (Dewanto
& Gallagher, 2021; Naik et al., 2019). One of the rea-
sons being, average reward criteria only considers recurrent
states and it happens to be the most selective optimization
criterion in recurrent Markov Decision Processes (MDPs)
according to n-discount optimality criterion. Please refer
Mahadevan (1996) for more details on n-discount optimality
criterion. Further, optimization in average reward setting
is not dependent on the initial state distribution. Moreover,
the discrepancy between the objective function and the eval-
uation metric, that exists for discounted reward setting, is
resolved by opting for the average reward criterion. We
encourage the readers to go through Dewanto & Gallagher
(2021); Naik et al. (2019) for better understanding of the
benefits mentioned.

There are very few algorithms in literature that optimize
the average reward and all of them happen to be on-policy
algorithms (Zhang & Ross, 2021; Ma et al., 2021). It has
been demonstrated several times that on-policy algorithms
are less sample efficient than off-policy algorithms (Lillicrap
et al., 2016; Haarnoja et al., 2018; Fujimoto et al., 2018) for
the discounted reward criterion. In this paper we try to find
whether the same is true for the average reward criterion.
We try to overcome the research gap in development of
off-policy average reward algorithms for continuous state
and action spaces by proposing an Average Reward Off-
Policy Deep Deterministic Policy Gradient (ARO-DDPG)
Algorithm.

The policy evaluation step in the case of the average reward
algorithm is equivalent to finding the solution to the Poisson
equation (i.e., the Bellman equation for a given policy).
Poisson equation, because of its form, does not admit a
unique solution but only solutions that are unique up to a
constant term. Further, the policy evaluation step in this
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case consists of finding not just the Differential Q-value
function but also the average reward. Thus, because of the
required estimation of two quantities instead of one, the
role of the optimization algorithm and the target network
increases here. Therefore we implement the proposed ARO-
DDPG algorithm by using target network and by carefully
selecting the optimization algorithm.

The following are the broad contributions of our paper:

* We provide both on-policy and off-policy determin-
istic policy gradient theorems for the average reward
performance metric.

* We present our Average Reward Off-Policy Deep De-
terministic Policy Gradient (ARO-DDPG) algorithm.

* We show a comparison of our algorithm on several en-
vironments with other state-of-the-art average reward
algorithms in the literature.

* We perform asymptotic convergence analysis using
ODE-based method and also provide a finite time anal-
ysis of our three timescale stochastic approximation
based actor-critic algorithm using a linear function ap-
proximator.

Silver et al. (2014); Lillicrap et al. (2016); Xiong et al.
(2022), individually address one of the aspects of discounted
reward performance criteria for deterministic policies such
as policy gradient theorem, implementation of practical al-
gorithm and convergence analysis. In this paper we provide
a comprehensive treatment of average reward performance
criteria for deterministic policies by covering policy gra-
dient theorem, implementation of practical algorithm and
convergence analysis. The rest of the paper is structured as
follows: In Section 2, we present the preliminaries on the
MDP framework, the basic setting as well as the policy gra-
dient algorithm. Section 3 presents the deterministic policy
gradient theorem and our proposed ARO-DDPG algorithm.
Section 4 then presents the main theoretical results related
to the convergence analysis. Section 5 presents the experi-
mental results. In Section 6, we discuss other related work
and Section 7 presents the conclusions. The detailed proofs
for the convergence analysis are available in the Appendix.

2. Preliminaries

Consider a Markov Decision Process (MDP) M =
{S,A,R, P,w} where S C R" is the (continuous) state
space, A C R™ is the (continuous) action space, R :
S x A — R denotes the reward function with R(s, a) being
the reward obtained under state s and action a. Further,
P(-|s,a) denotes the state transition function defined as
P:SxAwr p(), where p: B(S) — [0,1] is a probability

measure. Deterministic policy 7 is defined as 7 : S — A.In
the above, B(.S) represents the Borel sigma algebra on S.
Stochastic policy 7, is defined as 7, : S — p'(-), where
' B(A) — [0,1] and B(A) is the Borel sigma algebra on
A.

Assumption 2.1. The Markov process obtained under any
policy 7 is ergodic.

Assumption 2.1 is necessary to ensure existence of steady
state distribution of Markov process.

2.1. Discounted Reward MDPs

In discounted reward MDPs, discounting is controlled by
€ (0, 1). The following performance metric is optimized
with respect to the policy:

n(m) =E7[> 7' R(st, a4)] z/spo(s)V’T(s) ds. (1)

Here, py is the initial state distribution and V'™ is the value
function. V7 (s) denotes the long term reward acquired
when starting in the state s.

V7 (s;) = E [R(st, az) + 7V”(st+1)|st] )

2.2. Average reward MDPs

The performance metric in the case of average reward MDPs
is the long-run average reward p(7) defined as follows:

5[ ] -

S

d™(s)R™(s)ds

3
where R™(s) 2 R(s,m(s)). The limit in the first equality
in (3) exists because of Assumption 2.1. The quantity d” (s)
in the second equality in (3) corresponds to the steady state
probability of the Markov process being in state s € .S and
it exists and is unique given 7 from Assumption 2.1 as well.

p(m) =

Viisy s the differential value function corresponding to
the policy 7 and is defined in (4). Further, the differential
Q-value or action-value function )7, T is defined in (5).

Viirr(se) = Eﬁ[z R(si,a;) — p(m)|s¢]. “4)
1=t

Qfir(st,a0) =E7[>_ R(si,ai) — p(m)|si,ar). (5)
i=t

Lemma 2.2. There exists a unique constant k(= p(m))
which satisfies the following equation for differential value
Sunction Vg;yy :

Viipr(st) = ET[R(st,ar) — k + Viipr(se1)|se] - (6)

Proof. See Lemma A.9 in the appendix for the proof. [
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2.3. Policy Gradient Theorem

Unlike in Q-learning where we try to find the optimal Q-
value function and then infer the policy from it, the policy
gradient theorem (Sutton et al., 1999; Silver et al., 2014;
Degris et al., 2012) allows us to directly optimize the per-
formance metric via its gradient with respect to the policy
parameters. Q-learning can be visualized to be a value itera-
tion scheme while an algorithm based on the policy gradient
theorem can be seen as mimicking policy iteration. Sutton
et al. (1999) provided the policy gradient theorem for on-
policy optimization of both the discounted reward and the
average reward algorithms, see (7)-(8), respectively.

Von(m) :/Sw”(s)/AVgﬂ'r(a|s,t9)Q7”(s,a)dads.

%
Vgp(ﬂ'):/Sd“(s)/Ang,(a|5,0)Qg;ff(s,a) dads.
(8)

In (7) w™ denotes the long term discounted state visi-
tation probability density which is defined in (9) while
d™(s) = lim;—,o, P[(s) is the steady state probability den-
sity on states. P™ denotes the transition probability kernel
for the Markov chain induced by policy 7 and P;" is the
state distribution at instant ¢ given by (10).

W (s) = (1—7) Y 7P (s). ©)
=0
t—1
Pl(s) = /S . po(s0) H P (sk+1]8k) dso ... dsi—1.
= (10)

The policy gradient theorem in Sutton et al. (1999) is only
valid for on-policy algorithms. Degris et al. (2012) pro-
posed an approximate off-policy policy gradient theorem
for stochastic policies, see (11), where d* stands for the
steady state density function corresponding to the policy p.

Ven(ﬂ')%/Sd“(s)/Angr(a|5,9)Q”(5,a) dads.
(1D

Silver et al. (2014) came up with the deterministic policy
gradient theorem for discounted reward setting, see (12),
which eventually led to the development of very successful
Deep Deterministic Policy Gradient (DDPG) (Lillicrap et al.,
2016) algorithm and Twin Delayed DDPG (TD3) algorithm
(Fujimoto et al., 2018). In the next section we show how we
extend the same development for average reward criterion.

Von(r) = /S W (5)V Q7 (5, @) amn(s) Vorn(s, 0) ds.
(12)

3. Proposed Average Reward Algorithm

We now propose the deterministic policy gradient theorem
for the average reward criterion. The policy gradient estima-
tor has to be derived separately for both the on-policy and
off-policy settings. Obtaining the on-policy deterministic
policy gradient estimator is straight forward but dealing with
the off-policy gradient estimates involves an approximate
gradient (Degris et al., 2012).

3.1. On-Policy Policy Gradient Theorem

We cannot directly use the second equality of (3) to derive
the policy gradient theorem because of the inability to take
the derivative of steady state density function. Therefore
one needs to use Lemma 2.2 to obtain the average reward
deterministic policy gradient theorem.

Theorem 3.1. The gradient of p(m) with respect to policy
parameter 0 is given as follows:

Vgp(w):/Sd”(s)Vaniff(s,a)|a=,T(S)V97r(s79) ds.
(13)

Proof. See Theorem A.10 in the appendix for the proof. [

3.2. Compatible Function Approximation

The result in this section is mostly inspired from Silver et al.
(2014). Recall that QF;;,(s,a) is the ‘true’ differential
Q-value of the state-action tuple (s, a) under the parameter-
ized policy 7. Now let Qg ; (s, @) denote the approximate
differential Q-value of the (s, a)-tuple when function ap-
proximation with parameter w is used. Lemma 3.2 says that
when the function approximator satisfies a compatibility
condition (cf. (14,15)), then the gradient expression in (13)
is also satisfied by Qy; ¢, in place of Q7 ;.

Lemma 3.2. Assume that the differential Q-value function
(5) satisfies the following:

1.
vaaQs;ff(&a)'a:ﬂ'(s) = VGTF(Sae)' (14)

2. Differential Q-value function parameter w = w} opti-
mizes the following error function:

1
0.0) =5 [ @ IVuQir(5:@larto

(15)
- anZ}iff(sv a)|a=7r(s) H2 ds.
Then,
/d”(s)Vaniff(S,a)|a:,,(s)V9ﬂ'(s,9) ds
o (16)

_ / 07 (3)V0 Q% 11 (5, @) acn(e) Vor(s, ) ds.
S
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Further, in the case when a linear function approximator is
used, we obtain

VaQyiff(sva)‘a:ﬂ'(s) = VQW(&Q)TM' (I7)

Proof. See Lemma A.11 in the appendix for a proof. [

An important implication of Lemma 3.2 also is that the
dimension of the matrix on the left hand side and the right
hand side of (14) should be the same. Hence the dimensions
of the parameters 6 (used in the parameterized policy) and w
(used to approximate the differential Q-value function) are
the same. Lemma 3.2 shows that the compatible function
approximation theorem has the same form in the average
reward setting as the discounted reward setting.

3.3. Off-Policy Policy gradient theorem

In order to derive off-policy policy gradient theorem it is
not possible to use the direction adopted by Degris et al.
(2012) for off-policy stochastic policy gradient theorem for
the discounted reward setting. We first mention our pro-
posed approximate off-policy deterministic policy gradient
theorem and then explain why some alternatives would not
have worked.

Assumption 3.3. For the Markov chain obtained from the
policy 7, let K (-|-) be the transition kernel and S™ the steady
state measure. Then there exists ¢ > 0 and x € (0, 1) such
that

Drv (K'(|s),S7(:)) < ar’,Vt,Vs € 5.

Assumption 3.3 states that Markov chain generated by a pol-
icy 7 follows uniform ergodicity property. This assumption
is necessary to get an upper bound on the total variation
norm of steady state probability distribution of two policies.
Further this assumption allows for fast mixing of markov
chain and i.i.d sampling of transitions from buffer for con-
vergence analysis purpose.

Theorem 3.4. The approximate gradient ( 69\/)(71') ) of the
average reward p(m) with respect to the policy parameter 0
is given by the following expression:

§Mﬂ:LW®W%w@®mmNm@®®
(18)

Further, the approximation error is £(m, 1) = ||[Vop(w) —
Vop(n)||, where 1 represents the behaviour policy with
parameter 0" and N gp() is the on-policy policy gradient
from Theorem 3.1. £ satisfies

E(m,p) < Z||0 — 6%, (19)

where, Z = 2""1C([log, a='] + 1/k)L; with L, being
the Lipchitz constant for the transition probability density

function (Assumption A.1). Constants a and k are from
Assumption 3.3, n is the dimension of the state space, and
C = max;, ||VaQ§iff(s, a)la=r(s)Vor(s,0)].

Proof. See Theorem A.12 in the appendix for a proof. [

Theorem 3.4 suggests that the approximation error in the
gradient increases as the difference between the target policy
7 and the behaviour policy u increases.

3.4. Off-Policy Alternatives

In this section we will talk about what alternatives could be
thought of in place of what is suggested in Section 3.3 and
why those alternatives would not work.

1. One can possibly take inspiration from Degris et al.
(2012) and define an objective function, ppe. (1), as
in (20), which is a naive off-policy version of (3).

mMﬂ=LW®W@@- (20)

If, however, we take the derivative of pj,eq, () defined
above, we get the policy update rule as in (21).

Vgpnew(ﬂ):/Sd“(s)VaR(s,a)|a:W(S)V97r(s79) ds.
(21)

The update rule (21) only considers the reward func-
tion and not the transition dynamics of the MDP. In
(A.2), the derivative of the objective function includes
the differential Q-value function which encapsulates
both the information of the reward function and the
transition dynamics of the MDP and hence is valid
derivative.

2. Alot of work in the off-policy setting relies on impor-
tance sampling ratios. Recently a few works devised a
method to estimate the steady state probability density
ratio of the target and behavior policies (Zhang et al.,
2020a;b; Liu et al., 2018; Nachum et al., 2019). The
ratio of steady state densities could be used for deter-
ministic policy optimization but there are certain issues
which prohibit its usage, see (22).

Vop(m)

:/Sd”(s)T(s)Vaniff(s,a)|a:W(S)Vg7r(s,9) ds.
(22)

Here, 7(s) is the steady state probability density ra-
tio defined as d"(s)/d*(s). In order to calculate
7(s) we need information about (7 (a|s), u(als) and
P(s'|s,a)). We need the ratio 7(als)/u(als) and
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for deterministic policies the ratio would be d(a —
m(s)/0(a — u(s)), where §(+) is the Dirac-Delta func-

tion:
0 ifa=p(s)
Sa=m(9) _ ) ifa = s
Sa—pG) |5 He=re) @

o otherwise.

From (23), it is clear that the ratio §(a — 7(s)/d(a —
1(s)) will be undefined for almost all actions a € A.
Thus, we cannot use this ratio for deterministic policies.
Otherwise, we need P(s’|s,7(a)) and P(s'|s, u(a)).
It is possible to get the information about P(s’|s, u(a))
by sampling from the Markov process generated by
the policy p but obtaining this information about
P(s'|s,m(a)) is impossible as in the off-policy setting
data from 7 is assumed to be simply unavailable.

3.5. Actor-Critic Update rule

Assumption 3.5. oy, 8, and ~y; are the step sizes for critic,
target estimator, and actor parameter updates respectively.
Ca Cﬁ C’y
B = Tt =
(1+¢t)° (14t L+t

Qp =

Here, C,C3,C, > 0and 0 < 0 < u < v < 1. oy is at
the fastest timescale, 3; is at slower timescale and ~y; is at
the slowest timescale.

The critic and average reward parameters are estimated
using the TD(0) update rule but use target estimators. We
are using target estimators to ensure stability of the iterates
of the algorithm. Let {s;,a;, s/ }7~; denote the batch of
sampled data from the replay buffer.

n—1

o1 _ w’
& =3 Z (R(3i7 ai) — Pt — Qi (si, ai)
1=0
L N2
n min(stw,Qa‘;fﬂ(sg,w(sz,ot))) je {12}
(24)
1 n—1 o _
€ =5 2 (Rlow ) — 1 min Q. @iy ) (510
1=0
. N2
- min Q1 Q) (st (sl 9»))
(25)

Equations (24) and (25) correspond to the Bellman error for
the differential Q-value function approximator and the aver-
age reward estimator respectively. Note that we are using
the double Q-value function approximator. Here p, repre-

sents the target estimator for average reward at time t, Q(‘f?f f

represents the differential Q-value function parameterized
by target differential Q-value parameter w; and 6, represents
the target parameter for actor at time t, respectively.

wl = wl — V€ je{1,2} (26)

Pri1 = pt — V&) 27

Our aim is to find the value of parameters for differential
Q-value function and average reward estimator such that the
Bellman equation is satisfied. Hence, the Bellman error in
(24) is used to update the Q-value function approximator
parameters w; using (26) and the Bellman error in (25) is
used to update the estimator of the average reward p; using
(27). Our approach is motivated from the update rule for
the differential Q-value function and the average reward
parameters given in Wan et al. (2021b) (equations 3 and 4)
and Zhang et al. (2021b)(Algorithm 2).

vi = Vamin(Qg;rr, Quifr)(Sis @)|a=r(s;) Vor(si, 0r)
(28)

n—1
Or1 =01 + 7 (Z w) (29)

i=0
Actor update is performed using theorem 3.4. Actor pa-
rameter, 0;, is updated using empirical estimate (28) of the
gradient in A.2.

wly =wl +B(wl, —w]) je{l,2} (30

P+t = Pt + Be(pes1 — pr) 3D
Orp1 = 0p + Be(0151 — Or) (32)
Equation 30-32 are used to update the target Q-value func-

tion approximator wi , target average reward estimator pz
and target actor parameter 6,.

4. Convergence Analysis

In this section we present the asymptotic convergence anal-
ysis and finite time analysis of the on-policy and off-policy
average reward actor critic algorithm with linear function
approximators. First we mention the assumptions taken
to perform the convergence analysis followed by the main
results.

Assumption 4.1. ¢™(s)( = ¢(s, w(s)) denotes the feature
vector of state s and satisfies ||¢™ (s)|| < 1.

The assumption above is just taken for the sake of conve-
nience.

Assumption 4.2. The reward function is uniformly
bounded, viz., |R"(s)| < C, < 0.

Assumption 4.2 is required to make sure that the average
reward objective function is bounded from above.
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Assumption 4.3. Qg ; (s, a) is Lipchitz continuous w.r.t to
a. Thus, Vw  (|Qf; ;5 (s, a1) — Qi s (s, a2)|| < Lallar —
a2||.

Continuity of approximate Q-value function w.r.t action
is enforced using Assumption 4.3. Without the continuity
property approximate differential Q-values will not general-
ize for unseen action values.

Assumption 4.4. Parameterised policy 7(s, §) is Lipchitz
continuous w.r.t 6. Thus, ||7(s,01) — 7(s,02)| < L. || —
sl

Assumption 4.4 is a common regularity assumption for con-
vergence of actor. It can be found in Wu et al. (2020), Xiong
et al. (2022) and Zou et al. (2019).

Assumption 4.5. The state feature mapping (¢7(s) =
¢(s,7(s)) defined for a policy 7 with parameter 6 is Lips-
chitz continuous w.r.t . Thus, max; ||¢™ (s) — ¢™2(s)]|| <
Lyl|61 — 2.

Continuity of state action feature w.r.t action is required to
ensure generalisation of Q-values to unseen action values.
Using this continuity of state action feature with Assumption
4.4 we can satisfy Assumption 4.5.

4.1. Asymptotic Convergence

We prove the asymptotic convergence of the three timescale
stochastic approximation on-policy algorithm (Algorithm
4) using ODE-based method (Borkar, 2009; Kushner &
Clark, 2012; Lakshminarayanan & Bhatnagar, 2017) in two
steps. First we keep the policy parameter 6 fixed and prove
the convergence of differential Q-value function parameter
wy, average reward estimator py, target differential Q-value
function parameter w; and target average reward estimator
p¢ in Theorem 4.6 (given below).

Theorem 4.6. In Algorithm 4, let policy parameter 0; be
kept constant at 0. The critic parameter w, and the target
critic parameter w; converges to w(0)*. Also, average
reward estimator py and target average reward estimator py
converges to p(0)*.(Note: The point of convergence w(6)*
and p(0)* are defined in Theorem A.32.)

Proof. See Theorem A.32 in the appendix for the proof. [

Theorem 4.6 uses the two timescale stochastic approxima-
tion stability result from Lakshminarayanan & Bhatnagar
(2017). Later, taking inspiration from Bhatnagar & Laksh-
manan (2012) and invoking the Theorem 5.3.1 of Kushner &
Clark (2012) we prove the convergence of policy parameter
0; in Theorem 4.7.

Theorem 4.7. T'c, : R? — Cy is a projection operator;

where Cy is compact convex set and U'c,, (0)V gp(0) refers
to directional derivative of T ¢, (+) in the direction Vgp(0)

at 0. Let K = {0 € Cy|T'c,(0)Vop(h) = 0} and K¢ =
{0/ € Cy|3 0 € K |0 —0| <€} Ve > 035 such that
if sup, ||e™|| < 0 then 0 converges to K€ as t — oo with

probability one. €™ is the function approximation error
defined in Lemma A.33.

Proof. See Theorem A.34 in the appendix for the proof. [

Theorem 4.7 essentially argues that the actor update
scheme in Algorithm 4 tracks the ODE 6(t) =
L, (0(1)(Vop(8(t)) + e™®) and converges to an
e—neighbourhood of the set K.  Moreover, when
sup, ||e"|| — 0, the actor update scheme tracks 0(t) =
D'c, (0(t))(Vap(6(t))) and convergence to the set K.

Conclusions of Theorem 4.7 will continue to hold for off
policy algorithm (Algorithm 5) by suitably setting the value
of 12-regularisation coefficient.

4.2. Finite Time Analysis

We perform finite time analysis by finding an upper
bound on the expected squared norm of policy gradient
(ming<;<71 E|[Vgp(6:)]|?) for both Algorithm 2 and 3. We
first identify error in the parameters of the algorithm and
define dependency graph of error, as shown in Figure 1 for
Algorithm 2. In Figure 1, arrow from one error (source)
to the other error (destination) shows that an upper bound
on the destination error depend on an upper bound on the
source error. Exploiting the dependency graph of errors we
finally find an upper bound on the expected squared norm of
policy gradient (mino<¢<7 E||Vop(6;)||?) in term of time
T.

4.2.1. ON-POLICY ANALYSIS

Theorem 4.8. The on-policy average reward actor critic
algorithm (Algorithm 2) obtains an e-accurate optimal point
with sample complexity of Q(e~2-%). We obtain

1 4
min_ | BlIVap6)| = O( 77 ) +3CH + 37C5,)

0<t<T—1 T2/5

<e+0O(1).
Here,|Vom(s)|| < Cr (Assumption 4.4), T = max; ||w; —
w} |, wi is the optimal critic parameter according to

Lemma 3.2. Constant Cx is defined in Lemma A.28. M is
the size of batch of samples used to update parameters.

Proof. See Theorem A.18 in the appendix for the proof. [

We started the analysis with a three timescale stochastic
approximation algorithm but later observed that the best
sample complexity is achieved when critic parameter and
target critic parameters are updated on the same time-scale,
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Actor Error
;=1
— 7> ElIVe(6)?
t=0
(Lemma A.13)
Q-value

Function Error

T-1

7 2 Bl

(Lemma A.14)

A

A

Y

Target Q-value
Function Error

Target Average
Reward Error

1 T-1
T Z E|Ap[*

t=0

(Lemma A.16)

A

Average
Reward Error

1 T-1 _ 1 T-1
7 2 Elaw? Y Z D Elanf
t=0 t=0

(Lemma A.15)

(Lemma A.17)

Figure 1. Dependency of errors in different types of parameters in
Algorithm 2 on one another.

i.e. u = o (Assumption 3.5). The extra terms 3C*72 and
12C2C2. - /M exist in the bound established in Theorem
4.8 because of function approximation error and empiri-
cal expectation respectively. 3C272 can be reduced using
high capacity function approximator such as neural net-
work. 1202 CZ)* /M can be made small by increasing the
size of the batch M used for empirical expectation. The
same error terms are also present in the finite time anal-
ysis by Xiong et al.. Let K3 = {0 | Vyp(8) = 0} and
K5 ={0'130 € Ky |0/ —0]|| < €}. Ye > 0 39 such that if
13C2(7% + %05}:) 5 with rate
O(T—2/%).

4.2.2. OFF-POLICY ANALYSIS

Theorem 4.9. The off-policy average reward actor critic
algorithm (Algorithm 3) with behavior policy 1 obtains an e-
accurate optimal point with sample complexity of Q(e=25).
Here 0,, refers to the behavior policy parameter and 0,
refers to the target or current policy parameter. We obtain

2
Jmin B[ Fop(0,)]

1
—(’)(T2/5)+3C4(T + 02 ) +O(Wg)

<e+3CHT? + Mcﬁjz) +O(W§)

where Wy := sup ||0,, — 0;]|.
t

()| < Cr (Assumption 4.4), T = max; ||wy —
wk,||, w is the optimal critic parameter according to
Lemma 3.2. Constant Cyy» is defined in Lemma A.28. M is
the size of batch of samples used to update parameters.

Proof. See Theorem A.20 the appendix for a proof. O

Here also we found that two timescale stochastic approxi-
mation algorithm has better sample complexity than three
timescale version. We have the same extra term in the
bound as established in Theorem 4.8 with an additional
term of O(W2). The extra term O(WZ) denotes the error
induced because of not using the samples from the current
policy for performing updates. W will be small when
replay buffer is used because replay buffer contains data
from policies similar to the current policy. This explains
why policy gradient theorem in Theorem 3.4 can be used
with replay buffer. Let K3 = {0 | V/\gp(ﬁ) = 0} and
K§={0'130 € K3 |0/ — 0| < €}. Ye > 0 39 such that if
13C3(T% + MC2 ) + ZW}| < 6 then 6, converges to K§

with rate O(T_2/5).

5. Experimental Results

We conducted experiments on six different environments
using the DeepMind control suite (Tassa et al., 2018) and
found the performance of ARO-DDPG ! to be superior than
the other algorithms (Figure 2). All the environments se-
lected are infinite horizon tasks. Maximum reward per time
step is 1. None of the tasks have a goal reaching nature.
We performed all the experiments using 10 different seeds.
We show here performance comparisons with two state-of-
the-art algorithms: the Average Reward TRPO (ATRPO)
(Zhang & Ross, 2021) and the Average Policy Optimization
(APO) (Ma et al., 2021) respectively. In general for the aver-
age reward performance, not many algorithms are available
in the literature. We implemented the ATRPO algorithm
using the instructions available in the original paper. We
performed hyperparameter tuning and found the original
hyper-parameters suggested by the author for ATRPO are
the best.

For our proposed algorithm we trained the agent for 1 mil-
lion time steps and evaluated the agent after every 5,000
time steps in the concerned environment. The length of each
episode for the training phase was taken to be 1,000 and for
the evaluation phase it was taken to be 10,000. The reason
for taking longer episode length for evaluation phase was to
compare the long term average reward performance of the
algorithms. We also tried using episode length of 10,000
for training phase and found that to be giving poor average

"Pytorch implementation of ARO-DDPG could be found
at this URL: https://github.com/namansaxena9/AR0O-
DDPG
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Figure 2. Comparison of performance of different average reward algorithms

reward performance. We do not reset the agent if before
completing 10,000 steps, it lands in a state from where it
is unable to escape of its own. The agent continues to get
a reward of zero by default for the remaining length of the
episode. That way the cost of failure is high. While training
we updated the actor after performing a fixed number of
environment steps. We updated the critic neural network
with more frequency as compared to the actor neural net-
work. We used target actor and critic networks along with
target estimator of the average reward parameter for sta-
bility while using bootstrapping updates. We updated the
target network using polyak averaging. We tried to enforce
multiple timescales in our algorithm by using different up-
date frequency for actor, critic and polyak averaging for
target networks. We also borrowed the double Q-network
trick from Fujimoto et al. (2018). Complete information
regarding the set of hyper-parameters used is provided in
the appendix.

6. Related Work

Actor-Critic algorithms for average reward performance cri-
terion is much less studied compared to discounted reward
performance criterion. One of the earliest works on the
average reward criterion is Mahadevan (1996). In this pa-
per, Mahadevan compares the performance of R-learning
with that of Q-learning and concludes that fine tuning is
required to get better results from R-learning. R-learning

is the average reward version of Q-learning. Later in 1999,
Sutton et al. derived the policy gradient theorem for both
discounted and average reward criteria (Sutton et al., 1999),
which formed the bedrock for development of the average
reward actor-critic algorithms. The first proof of asymp-
totic convergence of average reward actor-critic algorithms
with function approximation appeared in Konda & Tsitsiklis
(2003). A temporal difference learning based off-policy con-
trol algorithm has been proposed in Maei et al. (2010). An
incremental off-policy search algorithm based on the cross
entropy method has been proposed in (Joseph & Bhatnagar,
2018). Further, in Bhatnagar et al. (2007; 2009), incremen-
tal update natural policy gradient algorithms for the average
reward setting have been proposed in the on-policy setting
and asymptotic convergence proofs of the same provided.
An off-policy variant of the natural actor-critic algorithm
has been proposed in Diddigi et al. (2022).

Recently, Wan et al. presented a Differential Q-learning
algorithm and claimed that their algorithm is able to find the
exact differential value function without an offset. Further,
Wan et al. provided an extension of the options framework
from the discounted setting to the average reward setting
and demonstrated the performance of the algorithm in the
Four-Room domain task. One of the major contributions in
off-policy policy evaluation is made by Zhang et al. (2021a).
Here Zhang et al. gave a convergent off-policy evaluation
scheme inspired from the gradient temporal difference learn-
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ing algorithms but involving a primal-dual formulation mak-
ing the policy evaluation step feasible for a neural network
implementation. Zhang et al. (2021b) provided another con-
vergent off-policy evaluation algorithm using target network
and [5-regularisation. In our work we use the same policy
evaluation update.

Our work in this paper is actually an extension of the work
of Silver et al. (2014) from the discounted to the average
reward setting. In Xiong et al. (2022), a finite time analysis
for deterministic policy gradient algorithm was done for
the discounted reward setting. We performed the finite
time analysis for the average reward deterministic policy
gradient algorithm and in particular obtain the same sample
complexity for our algorithm as reported by Wu et al. (2020)
for stochastic policies.

7. Conclusion and Future Work

In this paper we presented a deterministic policy gradient
theorem for both on-policy and off-policy settings consider-
ing average reward performance criteria. We then proposed
the Average Reward Off-policy Deep Deterministic Policy
Gradient(ARO-DDPG) algorithm using neural network and
replay buffer for high dimensional MuJoCo based environ-
ments. We observed superior performance of ARO-DDPG
over existing average reward algorithms (ATRPO and APO).
We first showed the asymptotic convergence using ODE-
based method. Later we provided finite time analysis for the
on-policy and off-policy algorithms based on the proposed
policy gradient theorem and obtained the sample complexity
of Q(e=2:%). Lastly to extend the current line of work, one
could try using natural gradient descent based update rule
for deterministic policy. Further in the current work we
tried optimizing the average reward performance (gain opti-
mality). In the literature, optimizing the differential value
function for all the states is mentioned as part of achieving
Blackwell optimality. Hence actor-critic algorithms could
be designed that not only optimize average reward perfor-
mance but also differential value function (bias optimality).
It would also be interesting to devise similar algorithms for
constrained MDPs as with (Bhatnagar, 2010; Bhatnagar &
Lakshmanan, 2012; Bhatnagar et al., 2013).
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A. Assumptions, Lemmas and Theorems
A.1. Additional Assumptions

We make the following additional assumptions.

Assumption A.1. The transition probability density function for a policy 7 with parameter 6 is Lipschitz continuous w.r.t 6.
Thus, maz g s|P™ (s'|s) — P™(s'|s)] < Ly||61 — 62].

The above assumption is a standard assumption in theoretical studies in literature. Reference for those assumptions can be

found in Xiong et al. (2022); Bertsekas (1975); Chow & Tsitsiklis (1991) and Dufour & Prieto-Rumeau (2015).

Assumption A.2. The reward function for a policy 7 with parameter 6 is Lipschitz continuous w.r.t 6. Thus, max|R™ (s) —
R (s)| < Ly||61 — 62]].

The above assumption can be satified by using a well defined reward function to ensure Lipchitz continuity of reward
function w.r.t action and then evoking Assumption 4.4.

Assumption A.3. The initial value of target estimators is bounded. Thus, |[wy|| < C,, and ||go|| < (Cr + 2C,,).

Assumption A.3 is used to enforce the stability of the iterates of target estimators.
Assumption Ad4. Let A(0) = [d™(s)(¢™(s)([ P™(s'|s)¢™(s") ds’ — ¢™(s))T — nI) ds. Apin is the lower bound on the
minimum eigenvalue of A () for all values of 6.

The assumption above is used in Lemma A.21 to prove the Lipchitz continuity of optimal critic parameter w* for a particular
value of policy parameter 0 with respect to 6.

Assumption A.5. Let A’(0) = [d™(s)(¢™ (s)([ P™(s'|s)¢™ (s') ds’ — ¢™(s))T) ds. A2

av » 1s the upper bound on maximum
eigenvalue of (A’(9) + A’( )T)/2 for all values of 6.

Assumption A.5 is used to prove the negative definiteness of the matrix Ay (defined in Assumption A.4) in Lemma A.26.
Assumption A.6. Let Hy = [, d™(s)Ver(s,0)Vem(s,0)T ds. XS, ;,, > 0 is the lower bound on the minimum eigenvalues
of Hy for all values of 6.

The above assumption is used in Lemma A.28 to make sure Hy is invertible and optimal critic parameter w according to
compatible function approximation lemma (Lemma 3.2) can be obtained. Similar assumption is present in (Xiong et al.,
2022).

Assumption A.7. Let Aoff = fd” 8) (@™ (s)([ P™(s|s)p™(s') ds" — ¢™(s))T)ds. x%L_ is the upper bound on

max

maximum eigenvalue of (AO £1(0) + AO +£(0)7)/2 for behaviour policy 4 and all values of 6.

Assumption A.7 is used to prove the negative definiteness of the matrix Ay (defined in Lemma A.30) in Lemma A.31.

Assumption A.8. V s policy 7 is twice continuously differentiable i.e. Vim(s) exists.

Assumption A.8 can be satisfied by using neural network to parameterize the policy 7.

A.2. Lemmas and Theorems for Policy Gradient

Lemma A.9. There exists a unique constant k(= p()) which satisfies the following equation for differential value function
Vdiff N
Viirr(se) =ET[R(se,ae) =k + Vi p(se41)]86]-

Proof.
Viipr(st) = R(se, m(se)) — k + /S P (st41ls6)Viipp(se41) dsea

— Vipg(s0) = [ PR (salso)Viigy(se) dstir = Rsrow(se)) -
S
—1 T-1
— (leff St /P 3t+1‘8t)Vd@ff(st+1 d8t+1) ZR 8t7 St — kT
t=

t

!

Il
o

13
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Integrating w.r.t the stationary distribution d” of policy 7 :

T—1
Z/dﬁ(st)(vdfff(st)*/Pﬂ(5t+1\5t)vd7§ff(5t+1)d5t+1> dsy
t=0 75 s

T—1
=3 /S d (s0) R(s1, (1)) ds — kT

T-1

Z(/ d"(s)Vigipy (se) ds —/

A" (st41) Vi (st41) d8t+1)
t=0 5 s

T—1
- ; /sd (st)R(s¢,m(s¢)) dsy — kT

Note: (fS St Vd if f St dSt fS St+1 deff(st-l-l)dst—i-l) =0.

1 T—1 i
- tZ / 07 (51 R(s0, w(s1)) dst

= k= lim —Z/d st)R(st,m(st)) dsy

T—oo T

— k=p(r) (using (3)).

Theorem A.10. The gradient of p() with respect to the policy parameter 0 is given as follows:
Vople) = [ 4% (6) Qg (5. 0) o V(s ) .
Proof. Using Lemma 2.2:
Viigs(st) = R(se, m(st)) — p() +/Spﬂ(8t+1\3t)vd§ff(5t+1) dsit1

= Quiss(st,7(s¢)) = R(s¢,m(st)) — p(7) +/SPW(St+1|St)Qgiff(St+17ﬂ-(st-‘rl)) dsiy1

Differentiating w.r.t #, we obtain

VoQFis(se,m(se)) = VoR(sy, m(s¢)) — Vop()
+ Vo (/S P"T(St+1|$t)Qgiff(3t+1, 7T(St+1)) dSt—H)
= VaR(st,0)|a=r(s,) Vom(s:) — Vop(n)

+/vaPTr(st+1|5taa)|a:7r(st)v977(3t)Qgiff(St+1;77(31‘/+1))d5t+1
S
+/PW(5t+1|3t)v9Qgiff(3t+la7T(5t+1>)d5t+1-

S

14
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Note: Vop(m) = Va ( Jsd™(s)R(s) ds) —0.

= V9Q(Tiriff(5tv7r(5t)) = vle:iriff(stv a)|a:7r(st)v977(5t) - VGP(TF)

+/Pﬂ(5t+1|5t)v9Qgiff(3t+l7ﬂ-(st-‘rl))d5t+1'
s

Integrating w.r.t stationary distribution d™ (-) of policy 7:

/Sdﬂ(st)veQeriff(StaW(St))dst:/Sdﬂ(st)angiff(Stva)\a=ﬂ(st)veﬂ(5t)d5t*Vep(ﬂ)
+/Sdﬂ(st)LPﬂ(st+1|st)v9Qgiff(st+1’W(St-‘rl))dst-‘rl dsy.
Note: [, d™(s)P™(s'|s)ds = d"(s'). Thus,
Vop() :/Sdﬂ(st)angiff(stva)‘a:w(st)vmr(st)dst

+/dw(3t+1)V9Q7driff(St+1a77(515-"-1))d5t+1
S

— /s d“(st)VgQgiff(st, m(s¢))dsg.

Vop(m) = /S 0 (5)V o Qs (5. @)y Vor(s) ds.

Lemma A.11. Assume that the differential Q-value function (5) satisfies the following:

vwanZ’ff(& a)|a:ﬂ-(s) = Vor(s,0).

2. The differential Q-value function parameter w = w optimizes the following error function:

C(0.0) = 5 [ 0" Vo Qig (50w = Vs (.0l .
Then,
[ @i 5. 0t V(s 0) s = [ 07 (V0@ (5,0l Vor(s.0) .
Further,

VauQiirs(s,a) = Vor(s,0)Tw (for linear function approximator).

Proof. Let 8(9, w, S) = angiff(sa a)|a:7r(s) - VGQZ;'ff(S7a’)‘a:7T(S)7

C(6,w) = %/Sd”(s)g(&w,s)Té'(O,w,s) ds.

15
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Differentiating w.r.t the critic parameter w, we obtain:
Vw0, w) = /Sd”(s)vwé'(ﬂ, w, $)E(O,w, s)ds
== [ Vg5 0)am (Vo (5=t
- Vaniff(S’a)‘a:‘n'(s)) ds = 0.
Letting V., Vo Qi £ (8, @) la=r(s) = Vor(s), we obtain
[ i3 5.0l Vom0 ds = [ ()9t (5,0l amso) Vo5, 0) .

Let us consider the case of linear function approximator with parameter w, i.e., Qg (s, 7(s)) = ¢™ (s, 7(s))Tw.

We know from above,

vwancififf(& (1) |a:ﬂ'(s) = VOTF(S)

(A1)
= V8" (5,0)|q=r(s) = Vor(s).
Thus,
Qiifs(s,m(s)) = ¢"(s,7(s))Tw
- Van}iff<87a)‘a:ﬂ'(s) = V.0 (s,a >|a x(s)W
= VaQuif(5,0)a=r(s) = Vor(s)Tw (using (A.1)).
O

Theorem A.12. The approximate gradient ( @(w) ) of the average reward p(7) with respect to the policy parameter 0 is
given by the following expression:

Vop(m) = /S 4" (8)V o Qi1 £(5, )| ar(s) Vo (s, 0) ds. (A2)

Further, the approximation erroris E(m, ) = ||Vop(m)— @J(w) |, where 1 represents the behaviour policy with parameter
0 and V gp(r) is the on-policy policy gradient from Theorem 3.1. £ satisfies

E(m p) < Z[10 - 0", (A.3)

where, Z = 2"t1C([log, a='] + 1/k)L; with L, being the Lipchitz constant for the transition probability density
function (Assumption A.1). Constants a and r are from Assumption 3.3, n is the dimension of the state space, and
C = max, ||Vaniff(s, a)|a=r(s)Vor(s,0)||.

Proof.
E(m, 1) = [Vop(m) = Vop(m)]
= 07 9@ (5, V(. 0) ds

— [ @6V Qg (5.0 Von(s. ) s
< [ () = 99l (5. 0t V(s 0)
<c / 1 (s) — d¥(s)| ds.

16



Average Reward Actor-Critic

Here, C' = max; |V Q7; ;4 (8, @)|a=r(s) Vo (s, 0)]. Thus,

E(m, ) < CLg||0 — 0] = Z||0 — 6] (using Lemma A.27).

Here, Z = 2"T1C([log, a™ '] + 1/k) L,

A.3. Finite Time Analysis

Figure 3 shows the relation between different types of error in the on-policy algorithm (Algorithm 2). Here, arrow from
value function error to actor error shows that the actor error is dependent on the value function error. Similar relationship
follows for the rest of the error types. Figure 3 intuitively explains which Lemma utilizes which Lemma to arrive at the final
result (Theorem A.18).

Actor Error
. 2
*|  EllVep(B)lI
Lemma A.13
Value function Target Average
Error ~ Reward Error
* 2 - — —% 2
Ellw; — wil| Ellp: — p¢ll
Lemma A.14 Lemma A.16
S r 3
\ 4
Target Value Average Reward
function Error - Error
2 > *12
E|lw, — wi|| Ellp: — pfll
Lemma A.15 Lemma A.17

Figure 3. Dependency of different types of errors on each other.

A.3.1. MAIN LEMMAS AND THEOREMS

Lemma A.13. Let the cumulative error of on-policy actor be E [[Vop(0:)||?> and cumulative error of critic be

t 0 ' B||Aw,||2. 6, and w; are the actor and linear critic parameter at time t.Bound on the cumulative error of on-policy
actor is proven using cumulative error of critic as follows:

1= C,
T 2 EIVon(60lf* < 25T 431

1 T-1
ZEHAthI +3C4(2 + 03*)
M
t:O
ClLJG9 v

Here, C,. is the upper bound on rewards (Assumption 4.2) , C.,, v are constants used for step size ; (Assumption 3.5,
Vor(s)|| < Cr (Assumption 4.4), Awy = w; — wf, T = maxy ||wf — w}
to Lemma 3.2. wy is the optimal parameters given by TD(0) algorithm corresponding to policy parameter ;. Constant C,
is defined in Lemma A.28. L is the coefficient used in smoothness condition of the non convex function p(6). Constant Gy
is defined in Lemma A.22. M is the size of batch of samples used to update parameters.
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Proof. By [—L, L j]-smoothness of non-convex function we have:

L
Elp(0111)] = Elp(0:)] + E{Vop(6:), 0141 — 0;) — #E||9t+1 — 0%

Now,

h(By, wy, 0y) = ZV Q St,iy @ )‘a W(sfl)v97r(5t1>

E(NVop(0:),0t11 — 0r) = v E(Vop(0r), h(By, wy, 0))
= %E(Vop(0:), h(Br,we,0:) — Vop(6s)) + 1 E|Vap(6e)]|.

From (A.5), we have

1 1
E(Vop(0:), (B, we, 0¢) — Vop(0:)) > —§E||Vep(‘9t)||2 = 5 BllA(Be, we, 0r) — Vep(6:)|”

(o 2Ty > —[zl?/2 = ly]*/2).
From (A.6):
E||h(Bs, wy, 0:) — Vap(6:)|)?

= E|\h(By, wy, 0:) — (B, wy, ;) + h(By, wy, 0:) — h(By, w4, 0¢) + h(Bi, w ,, 0:) — Vop(6:)||”

< 3(E||h(Btawt’9t) - h(Btvw:79t)||2 @
+ E|[h(By, wy,0;) — h(Bi, w,, 0,)|1> @
+ E||h(By, w?y, 0:) — Vop(0:)[> 3

From (A.7):

@:

EHh(Bt, wy, 0¢) — h( By, wy, 9t)||2

7” ZV(LQ St iy @ |a (s¢,4) VQTF(St 1) - Zanw: (st,iva)|a:7‘r(st,l)v9ﬂ-(st,i)||2~

i=0

Here, by compatible function approximation lemma 3.2: V,Q" (s, a)|q— r(si) = Vor(s)Tw

1
E|[h(By, wt, 0:) — h(Bg, wy,0)||> = EHM ZVGW(St,i)VGW(St,i)T(wt —w))|?
i=0
< CrEBlJw, — wy| %

(2) is similar as (1):

E||h(Bt,wf,9t) - h(Bt7 etaat)HQ < CAE‘Hwt — We, t||2
< 04 2'

18
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* By compatible function approximation lemma 3.2: Vgp(0;) = [gd(s,7(0;))Ven(s)Ven(s)Tw!,ds =
E[h(Btaw:,t’gt)]

« By lemma 4 (Xiong et al., 2022), if E[Y] =Y, ||Y]|,||Y|| < Cy then,

1M71 C2
E||— Y, Y| <4=X.
LS <l

i=0
Using above two bullet points:

4
E|[h(By,wy,00) = Vop(0r)|[* < 7 [[Vom(s)Vom(s)Tw?, ||
L ARG,

- M
Combining @,@ and @ and using in (A.7):

Ac?
E||h(Bs, wr, 6:) = Vop(80)|[* < BCH(Ellwy —wil[* + 72 + — =

= ). A.
i ) (A.8)
Using (A.8) in (A.6):
1
E(Vap(0:), h(Brwr, 6:) = Vop(6:)) = 3 El[Vop(6y) I
(A.9)
3 . 402
— SCHElwy —wi|P + 72+ =),
Using (A.9) in (A.5):
B(Vap(8:), 0001 = 0:) = 2 E||Vap(8y)]?
A.10)
3 402 (
L OR(Blfwy — wf|? 47+ — ).

Using (A.10) in (A.4):

L
Elp(0r41)] — Elp(01)] > &EHWP(@)IIQ - %EHQM —04?

3"}/t 2

4Cs
4 B 2
L OBl — wi |+ 72 + )

= E|[Vep(0n)|* > %E[p(ﬁm)] = Elp(6:)] + 3C(ElJw; — wi|*)

4C?
+3CE(r* + Tw) + L;v:G% (using lemma A.22)
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T-1 T-1

2
= > ElVop(6)|* = Y = FElp(0i+1)] — Elp(6:)] ©
t=0 =0 Tt
T-1
+ D 3C(Ellw —wi|[*) @
t=0
A.ll
T-1 102 (A.11)
+> 0 3CH + i) ©)
t=0
T-1
+ L;vG2 (4) (using lemma A.22)
t=0
From (A.11)
@:
T-1 T-1
2 L1 Elp(60)] _ Elp(67)]
2 Blp(0esn)] - Ep(00] =2( X (3 - =) o] + ZL2 d
i—o Nt o Tt i1 Yo TT-1
T-1
11 E[pwo)])
<2 — = Elp(0:)] +
(tz_;(% ’Yt—1) lp(60) Yo
T-1
1 1
< 2( (=-—) +70)CT
t=o il
2C, 20,17
< =
YT-1 C’y
@:
T-1 T-1
> 3C(Ellw: —wi|P) = Y 3CH(El|Aw]?)
t=0 t=0
@:
T-1 T-1
Tl v T 1 T1-v
> LimGi < LyGic, ( 1+ / tivdtil—v)
=0 t=0
Using (1)-(4) and dividing (A.11) by T:
T— c. = 4
2 v—1 4 2 402 2
- ;EHVW (@) < 20 TV~ +3CH( ; El|Aw|[*) +3C3(r* + 17C3,)
+ C’YLJGQ T*’U
1—-w
O
Lemma A.14. Let the cumulative error of linear critic be ]E| |Awy||%, the cumulative error of target linear critic

I?

be tho

2, and the cumulative error of target average reward estimator be tho E||Ap,

. wy, Wy and py are

linear critic parameter, target linear critic parameter and target average reward estimator at time t respectively. Bound on
the cumulative error of critic is proven using cumulative error of target average reward estimator and target linear critic
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parameter as follows:

T-1 1\ 2
1 202 c,C. L,GoC T-2v=0) Nz
S SNTE||Aw|? <2 ]| e qo-1y Ye¥eapog, Bwietn
7 2 EllAw < (\/(A—l)Ca R +()\—1)Ca(1—2(v—a))

t=0

4 1T—l 1T—1
(IS ma+ 2 ST E AP
+(/\1)2<TZ A7l +T§ I wf”)

t=

Here, Aw, = w; — w}, Awy = wy — wy, and Apy = py — pf. w; and p} are the optimal parameters given by TD(0)
algorithm corresponding to policy parameter ;. Cy,, C, 0, v are constants and ¢, oy are step-sizes defined in Assumption

3.5, [lwe]] < Cy (Algorithm 2, step 8), C.,. is the upper bound on rewards (Assumption 4.2), Constant Gy is defined in Lemma
2 2 2
A22,Cy = ()\Lf“’l) max; %Gz + %, Cs = 2C,. + (4 4 n)C.y. n is the 12-regularisation coefficient from Algorithm 2
t

andn > A\ where 2!

max’ max

is defined in Lemma A.26. ) is defined in Lemma A.26. L., is defined in Lemma A.21.

Proof.
| M
Wep1 = W + G Z_% (Rw(st,i) — e+ 9" (sy,) Ty — ¢”(8t,i)th)¢ﬂ(sm) — agnwy
E=4 wt+1—wf+1 :wt_w:"f_w;&k _w;fk+1 @
M—1
1 (A.12)

+ at3r (Rﬂ-(st,i) —p; + ¢ﬂ(5;,i)th - ¢ﬂ(5t,i)th)¢ﬂ(3t,i) — QN @

i=0
| M1

torgy 2 (pi = 7e)o7(s0) @

=0
From (A.12):
| M
i Z (RW(St,i) —p; + " (sp) Ty — ¢W(5t,i)th)¢w(8t,i) — nwy
i=0
| Mo
=57 2 (B (i) = i+ 67 (s, )T = 07 (s0.)Twe ) 6" (s0.0) =
i=0
| M- | M- (A.13)
+ i 2 " (5t,1) 9" (84,:)T (W — wy) — M gt P (51,)@" (81,:) T (wr — wy)
1 M-1 1 M-1
:M 2 ¢W(5t,i)¢w(3;,i)T(u_’t - wt) M v ¢w(3t,z)¢ﬂ(3£,i)T(wt - wt)
+ 9(Be, w, 0;) — g(wy, 0r) + gwe, 6¢) — g(wy, 0r)

Let g(Bu,wi,00) = - S5 (R (s00) — 07 ) 9750 + 7 S5 (67 (500 (67 (51,) — 67 (s0,)T — )
Let g(wr, 0) == [ d(s,m(6))p™ (s) (R”(s) — P+ [ P7(s')8)¢ (s') Twy ds' — ¢5”(8)th) ds
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Using (A.13) in (A.12):

By, wy, 0:) — g(we, 6))
wy, 0¢) — g(wy, 04))

+
2
A§\

+Olt(7

[wesr = win[]* = |Te, (we + arf (Be,we, 0r)) — wip |
< lwe + o f (B, wy, 0;)) — wiy || (. Projection is a non-expansive operator)

< (w —wp) + (W] — wiyy) + @ f (Bi,w, 0,)|
< Jwp = wi]|* + |Jwy — wip[]?
+ || f(Be,we, 0,)|
+ 2(Awy, wy — wyyq) + 200 (Awy, f( By, wy, 0r))
+ 20 (wf — wiyy, f(Be,wy, 0r))
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El|wip1 — wip[[* < E|[Aw]|? + 2E|Jw; — w4
+ 207 E|| f(By, wy, 0:) ||
+ 2E(Awy, wi — wiyq)
+ 20, E(Awy, f( By, we, 04))
= E|[Aw|* + 2E[[w} — wi4|> ©
+ 207K f (B, wi, 0,)]]> @

+ 2E(Awy, wi —wiy ) B
M—1

+20E (A, 12 3 (9 p)67(s0)) @ (A14
=0
+ 20 E(Awy, — Z O™ (s1,1)¢ s“) (0 — wy)) @
| M-
+ 20 E(Awy, 7 D 6 (s0.0)¢" (51,,)T(w; —wy)) (©
i=0

+2atE<Awt, (Btawtaet) (wtvgt)> @
+20(tE<Awt7 (wt79t) g(wt79t)>

From (A.14):

El|lw; — w1 |[? < L2E||fp41 — 6:]]*  (using lemma A.21)
L2~7G%  (using lemma A.22)

E||f (B¢, wy, 01)]]?

M-1
1
= IE||M Z (R™(s1,6) — pr + & (s7) Ty — ™ (s0,4) Twe) @™ (s¢,3) — mwe||?
i=0
M-1 ,
(||* D (R (s1:) = pr + &7 (s}.) T — 6™ (50.0)Twe) o™ (se.)|| + 7l i)
=0
Here,
[|#7(s)]] <1 (Assumption 4.1)
|R™(s)| < C, (Assumption 4.2)
[|we]] < Cy  (Algorithm 2, step 8)
lpt] < Cr +2C,, (lemma A.23)
[|ws|| < Cp  (lemma A.24)
llpell < Cr +2C, (lemma A.25)
| M-l )
SB35 O IR (s00) = pu+ 67 (s ) T = 67 (s, )" ()| -+ o)
=0
< E(Cy + Cp +2C, +2Cy, +1Cy )
<E(Cs)? (C5=2C, + (4+1)Cy)
<Cj
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E(Aw, wy —wyy ) < El[Aw| [[w; —wiy,]|
< L, E||Aw|] ||0t+1 — 0¢|] (using Lemma A.21)

| M- 1 M-1
E[(Aw, 17 > (0F = p)e" (s0.:))] = Z Awe, ¢™ (5¢,4)) (p; — pr)]
1=0 i=
1 M-1
M > lAw[[|¢™ (2.0l (o7 — pe)]]
=0
< E[|Awl||p; — ol
= E[|Aw:|[|Apy]
| M- | M-
E(Awe, 77 ) ¢" (569" (st,)T(wy — wy)) < E[[Awy]| Ibv; D ¢ (56.0)07 (s1,0)T (we — wp)|
i=0 i=0
< Ef|Aw|[|wy — wy]
< Ef|Aw|| | A ||
| M- M-1
E(Awe, 77 ), 9" (569" (st,)T(wi —wy)) < E[[Awy]| ||* Z O" (51,1)™ (s,3)T(wf — wy)]
i=0

< Ef|Aw,||[|wg — wt\l
< B[ Aw |

E[(Awy, g( By, wi, 0;) — g(we, 01))] = E[{Awy, E[g( By, wy, 01) — g(ws, 01) | Aw,])]
Note: E[g(Bt,wt, tgt) — g(wt,ﬁt)] =0
Hence, E[(Awy,g(By,wy,0;) — g(we, 0))] =0

E[(Awy, g(wy, 0;) — g(wy, 0¢))]
A6, = /S 0 (5,0,) (67 () (B6™ ()] — 67 (5))T — nI)ds

W00 = [ (.00 ()97 (5)ds
s
g(we, 0;) — g(wyi, 0:) = b(0,) + A(6r)we — b(60;) — A(0y)wy
= A(0)(we — wy)
Now, E[(Awy, g(wy, 0¢) — g(wy, 01))] = E[(Awy, A(6:) Awy)]
= E[Aw] A(6;) Awy]
< —AE||Aw||*  (Lemma A.26)
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Combining (1) - (8) into (A.14):

El[wi41 — wiyq|* <

= 20\ — DaE[|Awy||* < E[|Aw|?]

= E[|Aw]|* <

T-1

= > El|Aw|]* <

t=0

From (A.15):

T—

—

(B[ Aw[?
t=0

1
— E||Awg1]|]?)—
&%

(1= 2(\ = Do) El|Aw||* + 2L,
+ 2Ly E[| Aw,|[]|0e14
+ 204 E[| Awy ||| Ay |

Gy + 207 CF
— O] + 20 E[| Awy ||| Ap|

— E||Awy1||? + 2L2 772G + 207C3
+ 2Lw%G9E||Awt|| + 2at}E||Awt|||Apt|
+ 204 E[| Awy||[| Ay |

1
Lot

(El|Aw|[* - Eljwe )

2 Q' 2
+((>\71)atG9+()\71)C‘5)
Lw Yt
—GE||A
(A—l)atGe || Aw|
E[|Aw,|||Ap|
(A=1)
E[|Aw,||[|Aw,||
(A=1)

+

T-1

230 T

t=0

T-1
+z< e i) @

t=

+ZA“’

T—

EHAwaQ E|Awe4][?) @

H

2 GoE||Aw]| B
t

w

HAth |Apt| + HAth)
—1)

@

_|_
ZM

1

T—1
ml)(; (z-2-

1 1
+ —E||Auw|[ - ——E||Awr|[?)
Qo ar_q

1 =1 1 1
S - <z_: (Et_ aH) +a0>4031

Bl Aw

t=1
4C2, c? N
< _ Ta' ( Coy =
20\ = Do (A—=1)C, (1+1t)

(A.15)
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S (Bt 52en) - X (g e+ e
N P P ST ) AP Gy b A -
T—1
L Vi e c3
< w —
_Z((Afl)mtaxafGe—F(/\—l))at
t=0
T-1
_ Cgcoc l1—0o _ L%u ’Yt 2
_t:() CgO[t— 1_0 (Cg (A—l) m;;:L ?GQ“F
©)
T-1 T-1
Ly Ly Mt
—GyE||lA = —E||A
> O3y OBl = 5 Ga 3 Bl |
I -1 T T-1 N
< v It EllA 2 2
—(A_1>G9<§(at)> (2 @iaw?)
(Using Cauchy Schwartz inequality)
I Tl 3 T-1 1
< —vq L E|| Aw|[?)
—(A=1 9<§(at)> (; l wt”)
(Using Jensen’s inequality)
L,GoC, ( T'720=9) \? 3
E||A
_()\—I)C’a<1—2v—a (Z ] th)
@:
| T 1 T-1 . T— 1
EHAwtlHAPtl < (E[| Aw|])? E(|Ap] + || A ])*
(-1 W=-DVi= par
T-1 1 T— 1
= (Z (]| Aw])?) (ZEmﬁtuqutW)
t=0 t=0
1 T-1 . T-1
< Elawil)?)” (2D E(Anl + [|Aw?)

Combining @ - @ into (A.15) and dividing by T:

1 202

L,GoC,

T Z E||Aw|* < ﬁTU_

1

C,Ce
1—

To-a,

21/2 (1

T
1—
T—

1

t=0

—2(v—0) % 1 T-1
2(v—o0) (T =

26

t=0

1
> Ellaw?)’
0

1 T-1

CIONE
t=

STE(AnE +lam?))’
0
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Let,
L T=
=7 > El|Aw]?
=0
= =
N(T)= =) ElAp + = > E[Aw]?
(1) = 7 3 EAnf + 1 3 Elldw|
M(T) < Ky + Ko/ M(T) + Ko/ M(T)/N(T)
20?2 C,C
K, = w TO-71 g9 an
S oona 1o
1
K5 = LuGoCy T—2v=7) ’
T A=1)C, \1-2(v—0)
21/2
Ky = P
Kz K3
- 2—\/ 2 \/ T)\/N(T)+2— N(T)
Kz Ks Ks K3 2 Ky K3
e il < i it iead
+(2) (5 N<T>) K1+(2) (5 N<T>> ey VN
K2 K3 2 KQ KB 2
_ s 29 < i it
— (VMT) - 3= N(T)) <K+ ( : + ] N(T))
— VM ——2——\/ <VK +—+— N(T)
— \/ _\/ 1+K2—|—K3 N(T)
— M(T) < 2(V Ky + Ko)* + 2K3N(T)
T-1 1\ 2
1 202 CyCa LyGoC, ( T2 N2
— EllAw, |2 <2 __"Tw  o-1 Q-0 w ol
T; [[Awel” = (\/(Al)Oa S ()xl)C’a<12(vor))
+ 4 le]E\Aﬁ 1> + lTilEnAw |2
A=12\T T ¢
t=0 t=0
O
Lemma A.15. Let the cumulative error of target linear critic be IE\ |Awy||? and cumulative error of linear critic be

_0 E| |Aw,||2. W, and wy are target linear critic parameter and lmear critic parameter at time t respectively. Bound on
the cumulative error of target linear critic parameter is proven using cumulative error of linear critic parameter as follows:

T-1
1 202Tu=1 Oy CpT—v
- EllA®@ 2 <9 w g
7 2 Eldw|? < <\/ i

t=0

2
T—'U T (’U u)
10 L )

T—

—

E||Awy1]]?
t=0

L2
T
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Here, Awy = w, — wj, Aw, = wy — wy. w; and w; are the optimal parameters given by TD(0) algorithm corresponding
to policy parameter 0. Cg, C.,, u, and v are constants defined in Assumption 3.5, |lw|| < C., (Algorithm 2, step 8), C, is
the upper bound on rewards (Assumption 4.2), Constant Gy is defined in Lemma A.22. Cy = L%G% max; (v2/3?) + 4C2.
L, is Lipchitz constant defined in Lemma A.29.

Proof.

Wiy =W + PBe(wep1 — Wy)
= W1 — Wiy =W — Wy +wp — wipg + Be(wigr — wy)
— AW || =[| AT + wi — w4 Bi(wirs — @)
<A@y % + 2ljw; = wi|* + 2[|8: (wipr — @)
+ 2B{Aty, wi 1 — Wy) + 2{AWy, wy — wiy )
=[|Aw || + 2lw; — wipy |1 + 2[|Be (wepr — @)
+ 2B (Awy, Awyyq — Awy) + 2B (Awy, wiy — wy)
+ 2(Aw, wi — wyyy)
= [[Ad||? <(1—28,) | Ay + 2[Jwf — wiyy || + 2018 (wegr — @) |2
+ 2B (AWs, Awyy 1) + 284 (A, wiy — wy)
+ 2(Aw, wi — wyyy)

_ 1 _ _ 1 * * —
= A = o (102 = [Swea?) + (5o = il + Bl — 00)P)

1
+ (AW, Awpyq) + <Awt’w:+1 —wy) + 57
t

(Awy, wi —wiyq)

T-1 T-1
1
= Z El|Aw|* = Z = (E[|A@||* - E|Awi]?) @®
t=0 = 26
T—

1
+ 3 (GBIl = wial? + BBl (e — @)l?) @

0
1

—

~+

~

+

(]

]E<A’1Dt7 Awt+1> @ (A16)

~
Il
=}

~
—

+
(]

E(Awy, wiyy —wy) @

~
Il
=

!
—

E(Awy, wy —wyyy) &)

®|~

o~
Il
o

From A.16:
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1
> T(EHAU%HQ — E||Aw:41]?)
13
t=0
1 T—1
== E||Aw 24 EAw 2—7EAw
Q(t_o 5 = 5 EIAT P + Al - - —F|Awr)
T-1
1 1 1
<z — —)E||Awyy1]* + —E||Awol?
(2 G S VEIAG | + 5Bl Ado )
T—2
1 11, 1
< 7< )402 Using Lemma A.25
2\ = Pin ﬂt) Bo (Using )
202 2027
Br-1 Cs
T-1 1
(7 Ellw; — wia|” + BEll(werr — @0)[|)
— b
T—-1 2
L
< (=LE||0; — Op41]|* + BE| (wes1 — wy)||?)  (Using Lemma A.29 )
t=0 It
T-1 9
<> (363 ;—t +4B,C%)  (Using Lemma A.22,A.23, and A.26 )
t=0 t
T-—1

(]

(LIQ)G max - —|— 4C? )ﬁ

t=0
T-1
CpTt
= CgtBt = 79751 f (Cyt = Lf)G max — —|— 402)
t=0
T-1
Z E(Aw;, Awg41)
t=0
T-1 1/2 1/2
< ( ]E||Au?t||2) ( Z E||Awsiq ||2) (Using Cauchy-Schwarz inequality)
t=0 =
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~
|

1

(]

E(Aw, wiyy —wy)

=0
T-1
< Y E|Aw|lwfyy - wi]
t=0
T-1
< L,GovE||Aw;]| (Using Lemma A.22,A.29)
t=0
T 12 , =1 1/2
< LPGQ(Z%?) ( E||Awt||2) (Using Cauchy-Schwarz inequality)
t=0 t=0
T-1
T 1/2
< LPGQCWWTIM( > El| Ayl )
t=0
-1
B(A, i, — )
t=0 "t
-1
< ) FEllAw|[[[wi, —wi
=0 It
T-1
< LPGQ%IEHA@H (Using Lemma A.22,A.29)
=0 ¢
=1 2 172 ,T21 1/2
< LPGQ( Z %) ( Z E||A1Dt||2> (Using Cauchy-Schwarz inequality)
t=0 "t t=0
L,GyC, T-mw R
< 7/2( 3 B A ?)
PR T A O

Combining (1)-(5) into A.16:

T-1

20241 (O, CT "
E A 2 w gt B
TZ S
T—1 T—1
1 CoN12/1 1/2
+ (7 ZEHAthIQ) (7 D ElAw?)
=0 =0 (A.17)
+ LyGoCy 55 ( ZEHAth )
t=0

L,GoC,  T~(v—w)
+ pCZ (1_2 2( ZE”Ath)
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1 T-1
M(T) = = 3 Ellaw?
t=0

T-1
1
N(T) = = 3 Bl A
t=0

M(T) < K1 + Koy/M(T) + Ky /TN (T)
Here,

_ ZCiTuil I CmgCﬁTliu

K
! 05 1—u
_ T L,GoC, T~
Ko=Ltom—gm * e, G-20—w)y
Ks=1

From Lemma A.14, we know that
M(T) < 2(v/ K1 + K»)* + 2K3N(T)

Hence,

T—1
1 202Tu~1 (), CyTi—v
— § E||Aw,||? <2 CJ g
T & 18w * < (\/ ;T T 1

2
T L,GoC,, T~ (7%
)?

L A.18
T LpGoCy (1—20)2 Cs (1—-2w—-u (A18)
9 T-1
tT > E[Aw |
t=0
O

Lemma A.16. Let the cumulative error of target average reward estimator be tT:_Ol E||Apt||? and cumulative error of

. T-1 _ . .
average reward estimator be Y, _; E||Ap:||2. pr and p; are target average reward estimator and average reward estimator

at time t respectively. Bound on the cumulative error of target average reward estimator is proven using cumulative error of
average reward estimator as follows:

T-1
1 o 20, +20,,)2T1  CyyCyT v
— E <
TtZO]E”APt” —2<\/ Cs R

2
T—’U T_(U_U)
+ LpGQC’Y((l _ 2’1})1/2 + Cﬁ(l — 2(’[} - U))1/2)>

2 T-1
tT > ElApial?
t=0

Here, Ap, = pr—pj, Apy = pr—p;. p; and p; are the optimal parameters given by TD(0) algorithm corresponding to policy
parameter 0. Cg, C.,, u, and v are constants defined in Assumption 3.5, ||w|| < Cy, (Algorithm 2, step 8), C, is the upper
bound on rewards (Assumption 4.2), Constant Gy is defined in Lemma A.22. Cy = L2Gg max (77 /57) + 4(Cr + 20y )?.
L, is Lipchitz constant defined in Lemma A.29.
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Proof.
prv1 =pt + Be(per1 — pt)
= Pt+1 = Pry1 =Pt — Pr + pr — Pry1 + Be(pey1 — pr)
= |Ap1|® =A% + pf — pir + Be(pes1 — o)
<NApN + 2[5 — pa P + 21 Be(prer — o)
+ 28(Ap¢, pir1 — pr) + 2(Apt, pi — prin)
=1Ape|1 + 2l pF — prll® + 2 Be(pegr — pe) I
+ 2B (Aps, Apip1 — Ape) + 28:(Ape, piyy — Pr)
+ 2(Apt, pf — Pry1)
= [|[Apl]? <= 28) 18017 + 2llp; — P ll? + 201B8e (pes1 — po)1?
+ 28 (Apt, Apria) + 28:(Apy, P:+1 - Pi)
+2(Apt, pr — Pii1)
— 12 1 — 112 P 2 1 * * 2 = 2
= [|Ap]| ZT@(HAMH — 1Az %) + (E”pt — il + Bell(per — po)l1?)
_ — * * 1 — * *
+ <A,0t7 APt+1> + <A/)t»ﬂt+1 - Pt> + E(Apt’pt - Pt+1>
71 -1
= D_EIAAI? =2 55 EIAAI - ElA5n]?) O
t=0 t=0 “Ft
T-1
+ 3 (5 Eloi = il + 8Bl (s —p0)P) @
=0
T—1
+ ) E(AG, Apir) B (A.19)
t=0
T—1
+ Z E(Ape piy —pi) @
t=0
T—1 1
+ 2 5 BB 0] = pit) ®
t=0 "t
From A.19:
T-2
S o (EI AR~ ElA7AIP)
t=0 “Ft
T—1
1 1 1 1 1
S — )E| MG |? + —-E[Ado]? — ——E|Ap 2)
3 (2 (G~ )1l + 5 EISRI - Sl A
T—1
1 1 1 1
gf( — 2)E|Ase? + 5EAp 2)
B ; (ﬁt+1 ﬁt) [ Apeta]l B 1Apoll
1,21 1 1
< = ( - =)+ —)4(6} +2C,)? (Using Lemma A.25)
2N =B B Bo
_2(Cr4+2Cy)%  2(Cr 4 2C,,)*T
Br-1 Cs
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T-1
1 * * =
(FEllp; — o1l + BiEl(per1 — po)I1?)
=By
T-1 2
<> (GBI~ Ouaall* + B (s — p)IP) - (Using Lemma A.29)
t=0
T-1 2
<> (LiGﬁ% + Bi4(Cy 4+ 2C,,)?)  (Using Lemma A.22,A.23, and A.26 )
t=0
T-—1

2
(LI%G% max 7—% +4(C. + QCw)Q)Bt

(]

t=0
T-1
Oy CyT—o 2
=Y Cufr= =7 (Cu=L;Gjmax % +4(C, +20,)?)
t=0 o 3

!

—1

E(Aps, Apii1)
t

i
o

-1 172 ,T=1 1/2
< ( Z EHAﬁtHQ) ( Z E||Apsi1 Hz) (Using Cauchy-Schwarz inequality)
t=0

t=

T—1
E(Ape, piy1 — pE)
=0
T—1
< E|ApIprs — pFl
=0
T-1
< L,GovE||Ap:]| (Using Lemma A.22,A.29)
=0
T-1  yy,T-1 12
< LpGg( 73) ( Z E||Ap; ||2) (Using Cauchy-Schwarz inequality)
=0 =0
T—1
v L N1/2
S LPGQC’YmTI/Q( Z E||Apt”2)
=0
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-1
E(Ape, piy1 — pE)
t=0 "t
-1
< D ZElApNlpi — pil
t=0 It
T-1
< L,Gy %EHA@ I (Using Lemma A.22,A.29)
t=0 ¢
T-1 o 5 ,T-1 12
< LPG9< Z %) ( Z E|\Aﬁt||2> (Using Cauchy-Schwarz inequality)
t=0 "t t=0
L,GyC T—(v—u) -1 1/2
< =P ¥ T1/2< ElAS 2)
CB (1—2(U—U))2 ; H pt“

Combining @-@ into A.19:

T—1
1 o 2Cr420,)2 T CWClT
ST E|AR|? = :
T ;:O 1Az s + =

= / /
+ (3 S BIaa) " (5 S Elannal?)
t=0

(A.20)

TV 1 B 1/2
FLyGoCy s (7 2 Elda?)

LpGecv7 T—(v—u) (1 T-1
Cs  (1—-2(v—u))?

1 T-1
M(T) = = 3 El|An?
t=0

T-1
1

N(T) = 5 3 ElApi?
t=0

M(T) < Ky + Ko/ M(T) + Koo/ M(T)N(T)

Here,

_2(Cr + 2C,,)*T* 1 N CstCpT' ™

K
! Cﬁ 1—u
B T L,GyC, T~(v—w
Ko=LGom w6, G-20—w)y
Ky=1

From Lemma A.14, we know that
M(T) < 2(V K1 + K2)* + 2K2N(T)
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Hence,

T—1
1 B 2(C, +2C,,)2Tv1 C,CgTl~u
LS E|am? Q(\/ ( Pt | CaCs

Tt:O O[g 17’&

2
TV L,GyC, T~~w

L proCy A2l

TG T e T T e, w2 “A20)
9 T-—1

Tr Z E[|Apia®

t=0

O

. . T—1 .
Lemma A.17. Let the cumulative error of average reward estimator be Y, " E||Ap,| |2 and cumulative error of target

linear critic be ZZ:OI E||Aw;||%. w; and p; are the target linear critic parameter and average reward estimator at time t

respectively. Bound on the cumulative error of average reward estimator is proven using cumulative error of target critic as
follows:

T—1 2
1 2(C +2Cy)? c,C L,GyC. T—2(w—0) 1/2
— ElAp, |12 <2 2 T YW po—1 sYemp—o p ol
T; Aol < <\/ Ca 1, e (172(070))
1 T-1
2

t=0

Here, Apy = py — pf, Awy, = w, — wy. w; and p; are the optimal parameters given by TD(0) algorithm corresponding to
policy parameter 0,. C,, o are constants and 7, oy are step-sizes defined in Assumption 3.5, ||w|| < Cy, (Algorithm 2, step
2
8), C,. is the upper bound on rewards (Assumption 4.2), Constant Gy is defined in Lemma A.22. Cs = LZQ,G% max; % +
t
4(C, +2Cy)% L, is Lipchitz constant defined in Lemma A.29.
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Proof.
M—1
Prit =Pt gy > ( (sti) = pe + &7 (s,,)Twe — (bﬂ(st,i)TIUt)
=0
P~ i =14l
* OétM Z ( (st,i) = pt + &" (s,3)Twe — ¢7r(8t,i)Tu7t)
=pt—p; +pt 7Pt+1
+ atM Z ( St Z p: + (bw(sé’i)th — ¢ﬂ(st7i)T'th)
+ au(py — Pt)
Pr41 = Pl = P — P} + P} — Pipa
+ au(py — pr)
| M-l
an( 57 D2 (@7(s10) = 67 (s0,))T (e )
=0
| M1
+ oy (M (R™(st,i) — pi + ¢™ (s)Twf — qbﬂ'(st’i)Tw:))
i=0
=pt—p; + P — Pisa
+ai(pt — pt)
| M-l
to (M D (87 (1) = " (50,0)T (w0 — w?))
i=0
+ at[(w:a et)
=Pt — p;fk + P: - PI+1 + O‘tl(Bt,Pt,wr,at)
Here,

l(wy, 0;) = /Sd” (5,7(60:)) (R™(s) — p(m(6:)) + E[¢7 (") Twy] — ¢™ (5)Twy) ds
U(Bt, p;we, 0¢) = (p

Apeiall® = 1|Ape + pf + arl(By, wi, pr, 04)|°

= [|8p]1? + 110} = pipall® + QZ[|U(Br, wi, pe, 00) |
+ 2(Ape, p; — pis1)
+ 20 (Ape, I(By, wi, pe, 0t))
+ 2a¢(p; — piy1: LB, pr, wy, 0))

<12l + 2110} = pigal® + 207 || U(Be, wy, pr. 60)]]?
+2(Ape, P} — Piy1)
+ 20 (Apy, (B, wy, pr, 01))

36



Average Reward Actor-Critic

El|Apeia|[* < E|Ap|* + 2B pf — pipa > D
+ 207 E||l(By, wi, pr, 01)]1* @
+ 2E(Aps, p; — pip) B
+ 20, E(Apy, —Ap;) @

M-—1
+ 204 E(Apy, — Z (¢ (s1.4) — & (50.0))T(wy — wy)) B
1=0
+ 200 E(Aps, 1(w], 0:)) (6)
From (A.22):
Ellp} — piyall® < LyE||6rr1 — 6|[*(Lemma A.29)
Lfﬁf G2% (Using Lemma A.22)
Q:
_ 2 1= - — ™ T V(2
E[[U(Bt, pr, we, 00)]I” = Ell 77 > (R (s4) = pr 4 (67 (1) — 67 (s0.6)) ") |
=0
1 M—-1 2
S]E( (Cy + Cy +2C, +2C,, ))
=0
=4(C, +20,)?
Q3):
E(Ape, i — i) < EllApel [0} — pigal
< LpE[Ape| (|01 — 04|
< L, GoE|Apy| (Using Lemma A.22
4):
E(Aps, —Ape) = —E[Ap,|?
3):
M-—1
E(Bpe, 17 3 (67 ()T — 67 (50)T) (w0 — i)
=0
M_
SB[ 31167 (st) — 67 el e — wi | 1A
=0
< 2E[Ap; ||| Aw, ||
©):
E(Aps, l(wy;,0,)) =0 (. l(wy,0;) = 0)
Combining (1)-(7) into (A.22):

El[Ape|® < (1= 204)E||Ape]|* + L2V GG

+ 80% (Cr +2Cy)* + Ly GoE|Ap:]
+ 4o E|Ap ||| Awy

37

(A.22)



Average Reward Actor-Critic

T-1 T-1
1
= Y Bl < Y 5= (BlanlP ~Elldna)?) @
t=0 t=0
T—l

”% G2 + 404(C, +2Cw)2> @

Qi

T ( FICLIRO

+
/-\

w

(A23)

H

~+

’ﬂ

+ Z 2E||Awy | [Ape| @

t=0

From (A.23):

T—

._.

1
—(EllAp|]” = B[l Apesall?) =

1 1 (
2 t—o Yt 2 t=0
( 1

(
11 1 ,
3y (a—t - at_l) + ao>4(cr +20,)

1 1
JEIApI + —EApo [ - Empﬂ)
Qi Q1 (%] ar—1

1
-2
t=0
2
< 2(Cy +2Cy) T°
< c.
Q@
T-1 72 T—-1 72
(Lf,Gg—t + 4oy (Cr + QCw)z) < (L2G9 max —tz +4(C, + QCw)Q)at
t=0 e t=0 X
T—1
<N Cu (C, fLQGamax’Y—tJer(C +20,)?)
t=0
g SCO‘Tl—O'
-0
©)F
T—1
(EoGo Bl AwI = S Go o B[ Ap|
t=0 t=0
T-1 2 /2 p_q
< It
<n,6( X (1)) (L man)”
L,GoC., s T1=2(w=0) \1/2 , =
< o v
< Gl (L) (S mianr)
(using cauchy schwarz inequality)
@:
T-1 T—-1 T—1
2> EllAw||Ap| <203 EllAay|[*) /2D ElAp]*)'/?
t—0 t=0 t=0

(using cauchy schwarz inequality)
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Combining (1)-(4) into (A.23)

T-1
Cr +2C,)2T° 1 C,C, T~
72 Bl < MO e
_ 1/2
L,GoC,y y T2v=0) N1/2(1 X )
T (1—2(1}—0)) T;Emptl
= 1/2 = 1/2
(T IE‘4||A15t||2> (TZ]EAM|2>
t=0 t=0
1 T-1
M(T) = 7 ) EllAp[?
t=0
1 T-1
N(T) = 7 ) EllAa,|?
Tt:O

M(T) < K1+ Kz2/M(T) + K3/M(T)/N(T)

Here,
2(C, +20,)*T°~1  C,C,T~°
K. —
! Cy + 1—-0
L,GygC., ; T—2w=0) \1/2
Ko = p Y
2 Ca (1—2(0—@)
K3 =2

From Lemma A.14, we know that
M(T) < 2(v/Ki + K2)*> + 2K3N(T)

Hence,

T—1 2
1 2(Cr +2Cy)? CsC, L,GoC T—2w=0) 1/2
= E ElAp,|2 < 2 22T 22w) o1 4 ZsZapo | 2P0y
Tt:() | pt| o <\/ Ca + l1-0o + Ca (172(@70’))

1 T—1
+ 8= > El[Ad|
t=0
0

Theorem A.18. The on-policy average reward actor critic algorithm (Algorithm 2) obtains an e-accurate optimal point
with sample complexity of Q(e=2?). We obtain

1 4

2 4 2

o un E[[Vop(0:)|]” = <T2/5> +3C; (7 + 37 Cws):
<e+0O(1).

(8)|| < Cx (Assumption 4.4), 7 = max; [[w} — w4,
3.2. Constant C\,» is defined in Lemma A.28. M is the size of batch of samples used to update parameters.

Proof. From Lemma A.14 we have:
T-1 1\ 2
1 20?2 c,C. L,GoC T-2v=e) Nz
= E||Aw||? < 2 —% _To-1 § 2T el o
7 2 Elldw < (\/(Anca R +()\1)C’a(12(va))

t=0
T-1 T-1
4 1 _ 1 _
(/\—1)2<T ]E\Apt|2+f ZE||Awt||2>
t=0 t=0

_|_

39



Average Reward Actor-Critic

Using Lemma A.15 and Lemma A.16:

T-1 : 1\ 2
1 2 202 C,C. LoGoC. [ T—20=0) \2
—_ < w o—1 g-am_go w Y
T;E”Awt” _2<\/(>\—1)CQT T T oo ne T2 o)

4 202Tu—1  CpCyT—
2 i g
+(A—l)?((\/ Cs T 1-u

L,GoC (1 T~ ’

G ”((1 o2 T G =200 —u))1/2)

4 2(C, +20,)2Tv=1  CyCgT—
. <2<\/ (Cr +20,)*T* 1 CuC
Cs 1—u

2
T—v Tf(vfu)
+ LpG&CV((l — 20)1/2 i Cs(1 —2(v— u))1/2)> >
1
IE||A/~?t+1|\2

+

Nl
N o S
[l I
- O

E[| Awp 4|2
0

N~

~
Il

T—-1 1\ 2
1 20?2 c,C. L,GyC. T—2v=0) N2
= ElJAw|]? <2 | = To + 2T 0 4
T; [[Awl” < <\/()\—1)Ca R +(A—l)ca<1—2(u—a))

4 202Tu=1  (OyCsT—u
— 1|2 w g9
+(/\—1)2<<\/ s T i1-u

2
T—v Tf('ufu)
+ LPGGCV(Q “20)i2 T oyl — 200 = u))1/2>> )

4 ( <\/2(CT +2C,)2T 1 CyCsT—
2 +
Cg 1—u

2
T—v Tf(vfu)
L
+ pGGCW(@ —o02 Y o0 — 2= u))1/2)) >
T-1

8 8
Z E||Ap:]? + W(EHApTHQ —E[[Apol?)
t=0

oI L

s = 8

+ (/\_I)QT;EHAU&H + o Ellawrl — Bflaw )

Using Lemma A.17 for 31" E||Ap,|[%:
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T—1 1\ 2
1 202 C,C, L,GoC T—2(w=0) N2
— EIIA 2 <9 __"rw  po-1 XT—o w ol
TZ; [1Awell” < (\/()\1 Ca - +()\1)C’a(12(va))
4 202Tu=1  CypCpT—v
2 w g
+()\—1)2<<\/ s T il-u

T—v T—(v—u) 2
(I—20)2 " Cy(l—2(v— u))1/2>> )

2(Cp +2C,)2Te=1  CyuyCgT—u
+
CB 1—wu

T—v T—(v—u) 2
1207 CAlmvmwﬂ>>>

2
16 2(Cr + 20, CC’ L,GyC., ¢ T—2w=0) \1/2
+ \/(+ )Tal_|_ G+p9~/( )
)
1 T

+
>~
NN
—
e
[\}
-

1) C. -0 Co I 20w_0
—1 T-1
64 o, 8 1 ,
+()\_1)2ft:0EHAth O — QTZEHAth
L 2 2 L 2 2

Using Lemma A.15 for 31" E||Aw,|[%:

T-1 1
1 3 2C2 CyCy L,GoC,y [ T72070) \ 2
— ElIA 2 <9 _“Yw o1 & p—o w Y
T 18w < (\/()\—1 Ca Ry +()\—1)Ca(1—2(v_g))

L 136 20371 CoCpT
12 Cs 1—u

T—v T—W w) 2
(=201 cml—%v—wwﬂ>>

8 (\/2(@ +20,)°T* 1 CuCT

2

Cﬁ 1—wu

T—v T—(v—u) 2
1 20)7? CM1—%v—mwﬂ)>

2
—2(v—0) | 1/2
\/2(cr+20w) o1y CoCay, U+LPGQCV( T )
)
T

16
+()\—1)2< Ca o’ o T 200
—1
136 1
+ ()\ — 1)2? Z EHAth2
t=0
b S I Apr|? —ElAplP) + o (|| Awr? — Ef|Au|?)
(\—12p IePT po (A —1)2T T 0

41



Average Reward Actor-Critic

1 T-1
= O EllAw?
t=0

1\ 2
200 —1)2 202 CyCa L,GyC T—2(v=0) 72
< w o—1 u 8i
_(/\—1)2—136<\/()\—1)CQT T e T =)

. 136 ( \/205Tu1 L Ol

(A—1)2— 136 Cs 1—u

2
T—v T—(v—u)
i LPG"C”((l — 20)1/2 * Cs(1—2(v — u))1/2>>

8 ( \/2(@ +20,)° T | CuCpT

_|_

(A—1)2—136 Cs 1—u

2
T 7w
+ LPGQC'\/((]_ — 2,0)1/2 + Oﬁ(l — 2(1} - U))1/2)>

2
16 2(C, +20,,)2 C,C, L,GoC. ¢ T—2v=0) \1/2
To-1 T-o p 2l
+()\—1)2—136<\/ Ca T Tt (1—2(1}—0))
+ e Bl Apr |~ Bl ApolP) + s o (Bl [Awr | — Bl Awo]?)
A—12—136T" T po A—1)2—136T T 0
T—1
1 ) 1 1 1 1 1 1
1 8
136
T (E||Awr|]? — E||Awg||?
From Lemma A.13 we have :
1 T—1 C 1 T—1 4
2< v—1 4,0t 402 | F ~2
;Envgp(otm 20 T 3G (5 2 El|Aw|[*) +3C3(7* + 17 C.),
i O'YLJGQva
1—v

Using A.24:

st o(sk) o) o) olrts) o) ol )

1 4 2

+0( gz ) + O ) + 035 ) + 3030 + 5763
1,
T

ﬂ \

8(E||Apr|” — E[|Apol[?) 1 | 136(E||Awr||* — E[|Awp[|?) 1
(A—1)2 - 136 (A—1)2—136 T

© @
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[[Ap:|| is bounded because of Lemma A.23 and because p; (= p(6;)) is bounded. ||Aw;|| is bounded because of projection

1
operator I'c, and Lemma A.21. Hence, we have, @ and @ are O (T) terms.

By setting 0 = 2/5,u = 2/5, and v = 3/5, we obtain the following bound :

T-1

1
pip IV 00" < 7 3 BIVont0) <0(7

TQ/J M w*)

<e+0(1)

) +3C4(r? + 02
0<t<T-1

The sample complexity of the on-policy algorithm (Algorithm 2) is Q(e~2-5).
O

Lemma A.19. Let the cumulative error of off-policy actor be 32_01 E| |€\9p(9t)\|2 and cumulative error of critic be

__01 E||Aw||%. 0, and w; are the actor and linear critic parameter at time t. 0" is the policy parameter for behavior
policy . Bound on the cumulative error of off-policy actor with behaviour policy 1 is proven using cumulative error of
critic as:

1= C, 1= 4
2 v—1 4 4, 2 2
ZEHvep(gt)” <4c T 4 605 ( ZEHAth +6C(r* + 3,C0)

tO t=0

C LGy Z
+2 0T v+fZE||9ﬂfet||2

H.

Here, C, is the upper bound on rewards (Assumption 4.2) , C.,, v are constants used for step size ¢ (Assumption 3 5,
(Vo (s)|| < Cr (Assumption 4.4), Awy = wy — wi, T = maxy ||wf — w;
to Lemma3.2. wy is the optimal parameters given by TD(0) algorithm correspondmg to policy parameter 0;. Constant C,»
is defined in Lemma A.28. L is the coefficient used in smoothness condition of the non convex function p(0). Constant Gg
is defined in Lemma A.22. M is the size of batch of samples used to update parameters. Z = 2"+*1C([log,. a='] + 1/k)L;
with L, being the Lipchitz constant for the transition probability density function (Assumption A.1). Constants a and k are
from Assumption 3.3, n is the dimension of state space, and C' = max; ||V oQF; (8, @)|a=r(s) Vo (s, 0)]|.

Proof.

T-1 T-1
1 _
T > ElVop(0)I* = Z E||Vep(0) + Vop(6:) — Vop(0r)|?

t=0 t=0
T-1

1
<7D ElVer(0)]” + ZEHvap 0:) = Vop(0,)|I”
t=0
Using Theorem 3.4 and Lemma A.13:
= c. =
2 v—1 4 4 2
*;E\Ivep(@)ll <4C T°7" +6C( ;EHAth +6C(7? MCw*)
C L;G3 7=
J6 2
R el A +TZE||0“ 0,|
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Theorem A.20. The off-policy average reward actor critic algorithm (Algorithm 3) with behavior policy . obtains an
e-accurate optimal point with sample complexity of Q(e=%). Here 0,, refers to the behavior policy parameter and 0, refers
to the target or current policy parameter. We obtain

1 4
2 402 2 2
0<£nln E||Vep(6,)]? = <T04) +3C; (T + 1 Cor) +O(Wy)

4
<e+3CHr2 + MCi:) +O(W3)
where Wy := sup ||6,, — 0,]|.
¢

(8)[| < Cx (Assumption 4.4), T = max; [|w] — w}
3.2. Constant C\» is defined in Lemma A.28. M is the size of batch of samples used to update parameters.

Proof. Lemma A.14 and Lemma A.17 will hold in the case of off-policy update. Lemma A.14 will require Lemma A.30
instead of Lemma A.21.

Using Lemma A.14 and Lemma A.17 and using the procedure followed in Theorem 4.8 to obtain asymptotic notations, we
have:

T-1

1 ) 1 1 1 1 1
f;]EHAth §O<T )+0( >+O<T2(U_G)>+O(T1 u)+o< >+O(T%)
1 8
—(E||Apr||? — E||Apol|? (A.25)
136
t T2 13T (H*ZIIAwTII2 E[| Awp||?)

(A—1)2-136T

Using Lemma A.19 and (A.25):

T-1

7 X BT <0z ) +0( ) 0 ) + 0 ) 0 ) + ol )

1 4.2 4 2
+ O<T2(vu)> <T1 U> (T'U) +3C ( + MCUJ:)
)1,
T

8(E||Apr]|* — E[[Apol[*) 136(E[|Awr||* — E[|Aw|[*) 1
(\—1)2— 136 (\—1)2 136 T

© @

T—
+2 X;Eneﬂ—etn?

+

\ N

1
We have, (D) and @ are O (T) terms as discussed in Theorem 4.8. By setting 0 = 2/5,u = 2/5 and v = 2/5, we obtain:

win | EFo0(00* = O 7

T—
Z
4 2 “ “wo_ 2
0<t<T-1 >+SC’ (% + C TtZ;EHe Al

Mw*

4~ 3
— —

>+3C4(T +—C2 )+ O(Wg).
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1

Hence, the sample complexity of off-policy average reward actor-critic algorithm is Q(e=25). O

Further,

A.3.2. AUXILIARY LEMMAS

Lemma A.21. The optimal critic parameter w(0;)* as a function of actor parameter 0y is Lipchitz continuous with constant
L.,. Note: wy := w(f)*.
lwi = wits || < Lol|041 — 0]

Proof. 1) is the 12-regularisation coefficient from Algorithm 2 and > A% where A% is defined in Lemma A.26.

Because of carefully setting the value of 7, A(6;) is negative definite. Thus, for on-policy TD(0) with 12-regularization and
target estimators, the following condition holds true for optimal critic parameter wy :

E[(R™(s) = pi)¢" (5) + (&7 (s)(E[¢"(s)] = ¢7(s))T = nl)w;] =0
b(6:) := E[(R"(s) — p;)¢" ()]
A(6y) := E[(¢7(s)(E[@" (s))] = ¢" ()T = nI)]

[[w; — wt+1|| = [|A(0:)" lb(at) - A(9t+1)_lb(9t+1)||
< | A(6:)710(0:) — A(Or41)"b(6:) + A(Br1) " 0(0:) — A(Brr1) " 0(0r41) |

(A.26)
< ||A(‘9t) AOr41)” 1|| [16(0¢)]] @
+ [| A1) 1|| 116(6:) — b(0e11)1D
From (A.26):
(D:
JA(0:) ™" — A1) M| = [|A(Or) " A(Org1) A(Org1) " — A(0r) " A(0:)* (1) | (A27)

<[1A@) T HIAWG) — A TAOe1) "]

From (A.27):

Here, ' and 7 represents the policy with parameter 6, 1 and 6, respectively.

1460 = A6l < 1| [ @ ()67 () [ P7 (19067 (5)d' = 67 (5))7 = n) s
- [ @@ ([ P19 ds - 67 (s)T ) ds]
< ||/d7r (;5” /P7T )ds) )ds (A.28)
- [ @@ P s ©
<Il [ @@ e ds - [ @ e e 6l @
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From (A.28):
@
| a6 / P (s 1s)07 () ds)T)ds = [ @ ()@ (6)( [ P 1s)7() s ) ds|
<| / (@ () = ()™ ($)( [ P (1) (') d')T |
+|\/d’fs¢” (s /Pﬂ &) ds')T ds|
+|\/d’fs¢”s/ P (s]s) — P7(s'|s))6™ (') ds')T ds|

I [ @ @@ [ Pl () - o7(s) dsm) ds
< La||0p41 — 64| (Lemma A.27)
+ Ly||0i+1 — 6] (Assumption 4.5)
+ Lt||0e41 — 64 (Assumption A.1)
+ Ly |01 — 6] (Assumption 4.5)

I / 4 ()(&" (s)( | P™('|s)6™ (s') ds')T) ds - / dﬂ(s)(‘z’ﬂ(s)(/ P(Ele)e™ (&) o)1) del (A29)
< (Lg+ Ly +2Lg)||0r41 — 0]

From (A.28):

Q@

| [ a e ds—/dﬂ (s))7)ds]

<\|/d“ 0™ ()67 () (6 (s))T ds||

+|| / 0™ (8)(67 () — 67 (3)) (&7 ()7 ds| (A.30)
+ / 0™ ()67 (5)(6" () — & ()7 ds|
< (La+2Lg) |01 — 64|
Using (A.29) and (A.30) in (A.28)
[[A(6:) = A(Or41)]] < (2La + 4Ly + L1011 — 04| (A.31)

From (A.26):
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1660 = W60l = I [ 4 (B (6) = 1)o7 (5)ds — [ ()R (5) = i) () |
< / d" (5)(R™ (3)6 (s) ds — / 0" (5)R™ ()6 () ds|
T / Dpard™ (s) ds — / d(s)p7 6™ (s) d|
<|\/d” ()R ()67 () dsl|
+ / 07 (5) (R™ (5) — R™ ()6 (5) ds|
+\| / 0 (5)R™ (3)(6™ (s) — 67 (s) ds|
L[ () = (o)t 167 (s) )
| [ @i = e () s
1 / 0" (5)p3 (&7 (5) — &7 (s) ds|

< CrLg||041 — 64 ( Assumption 4.2, Lemma A.27)
+ Ly ||0p41 — 6] ( Assumption A.2)

+ CrLy||0r11 — 04| (Assumption 4.2, Assumption 4.5)
+ CrLg||0:4+1 — 04| ( Assumption 4.2, Lemma A.27)
+ Lp||0141 — 6] (Lemma A.29)

+ CrLy||0r11 — 04| (Assumption 4.2, Assumption 4.5)

— |[b(6) — b(B0r31)|| < (2LaCy + 20, Ly + Ly + L) |0r51 — 04]] (A32)

Using (A.27), (A.31) and (A.32) in (A.26):

[lwi = wipq || < NAG) ™" = A1) " IO + 11 AGe+1) ] 1[6(8) = b(Brs1)]|
< |AWG) ] 1[AB:) — Aeq1)|] || ABer1) | [16(62)]|
+{[AB1) I H]B(B) — b8y
< (2Lg +4Lg + Lo)[|AG) THI TA@e+1) "M DO 041 — 64|
+ QLCy +2C, Ly + Ly + L) [ABes) | 1611 — 01

Note:

60| = I| [ d™(s)(¢7(s)(¢7(s))T) ds|| < C (Using Assumption 4.2)

* From Assumption A.4, Ay, is the lower bound on eigen values of A(6) for all 6.

C-(2Lq + 4Ly + Ly)
)\2

Swg = w4 < [|0s+1 — 64|
min

| (2LaCy +2C, Ly + L, + Ly)
/\min

< Ly |01 — 64|

0141 — O:l]
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where,
Cr(2Lg + 4Ly + Ly) (2L4Cr +2C Ly + L, + Ly)
L, = 5 +
/\min )‘min

O

Lemma A.22. Q). 71 I8 the approximate differential Q-value function parameterized by w. Then there exist a constant Gy,
independent of policy parameter 0, such that:

M-1
1 w
||M Z andiff(Sva)|a:7r(s)v97r(5)|| < G9
i=0
Proof.
|Qaifs(s,a1) — Qaips(s,a2)l| < Lallar — az|| (Assumption 4.3)
= |[VaQiirr(s,a)|| < Lq (A.33)
— ||an31iff(sa a)'a:‘fr(S)H < L,
|[7(s,01) —7(s,02)|| < Lz||6h — 62]| (Assumption 4.4) (A.34)
= |[Vom(s)|| < Lx
Using (A.33) and (A.34):
| Mol
7 3 VaQiss(5,0)laso Vor(s) Vo (s)l
1=0
| M1
< M ||anléluiff(Saa)|a:71'(s)v97r(s)v97r(8)”
i=0
< LLLLﬂ' = G9
O]

Lemma A.23. The average reward estimate p; is bounded.

Vi >0 ‘pt| < Cr + 2Cw

Here, C', is the upper bound on critic parameter wy (Algorithm 2, step 8), C.. is the upper bound on rewards (Assumption
4.2).

Proof.
lpo| < C +2C,, (Assumption A.3)

Fort=1:

M—1
1
p1=po+ Oéo(M Rﬂ(SO,z) +¢ (SO,i)TwO — @™ (80,i)Two — PO)
i=0
| M1
=(1—ag)po+ Oéo<M R™(s0,i) + ¢" (50.)Two — ¢ (So,z)Two)
1=0
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M—-1

1 _ - _
lp1] < (1 = ao)lpol + aol| (M Z R™(80,:) + @™ (80,;)Two — ¢ (SO,i)Tw0>||
i=0
M-1

1 ™ T _ T _
< (1= ao)lpol +ao( 77 X 1B (s0.)| + 1197 (st )l lloll + 116" (s0.)I| o]
=0

< (1= a)(Cr 4+ 2Cy) + (ap)(Cr + 2C,) = (Cr +2C,)  (Assumption A.3)

Therefore the bound hold for t = 1.
Let the bound hold for t = k. We will prove that the bound will also hold for k+1

M-1
1
Pk+1 = Pk + ak(ﬂ Rr(sk,i) + @™ (sp ;) Tw0r — " (sk,i) Tk — Pk)
=0
1 M—1
=1 —oax)pr + ak(ﬂ R™(s,i) + @™ (s ;) T0r — ¢ﬂ(8k,i)Tu7k)
=0
1 M-1
o] < (1= an)lpul + anl | (77 D0 R (ki) + 67 (s5,)Toon = 67 (sw.0) T ) |
=0

1 M-1
< (1= a)lprl +an( 57 30 1R (s0)| + 167 (5k )| el |+ 167 (5wl 1)
=0

< (1= ar)(Cr 4 2Cy) + (o) (Cr +2Cy) = (Cr + 2Cy,)

The bound hold for t = k+1 as well. Hence by the principle of mathematical induction :

VE> 0 |p| < Cr +2C,

Lemma A.24. The norm of target critic estimator Wy is bounded

Yt >0 |l@e]| < Cu
Here, C\, is the upper bound on critic parameter wy (Algorithm 2, step 8).

Proof. For t=1:

w1 = (1 = Bo)wo + Bows

[[w1]] < (1 = Bo)l|wol| + Bol|w:|

|@1]] < (1= Bo)Cuw + BoCyy  (Assumption A.3)
|[w1]] < Cu

The bound hold for t=1.
Let the bound hold for t = k. We will prove that the bound will also hold for k+1
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Wyy1 = (1 — Br) Wk + Brwii1

[wg11]] < (1 = Bi)|[wk]| + Bellwi1]|

[|0g+1]] < (1= Br)Cow + PrCr  (Assumption A.3)
[ @p41]| < Cu

The bound hold for t = k+1 as well. Hence by the principle of mathematical induction :

Vi >0 ||w]| < Cy

Lemma A.25. The norm of target average reward estimator p is bounded
YVt >0 ||pt]] < Cr 4+ 2C,

Here, C, is the upper bound on critic parameter wy (Algorithm 2, step 8), C,. is the upper bound on rewards (Assumption
4.2).

Proof. For t=1:

p1 = (1—Bo)po + Bop1

l[p1]] < (1 = Bo)llpol| + Bollpal|

[1p1]] < (1 = Bo)(Cr +2Cy) + Bo(Cr + 2C,,)  (Assumption A.3)
[|p1]| < C) +2C,,

The bound hold for t=1.
Let the bound hold for t = k. We will prove that the bound will also hold for k+1

Pr+1 = (1 — Br)pk + Brpr+1

P2l < (1 = Bi)llpkll + Brllpr-+1ll

lpk+1ll < (1 = Br)(Cr +2Cy) + Bi(Cyr + 2C,,) (Assumption A.3)
|prr1]| < Cr +2C,

The bound hold for t = k+1 as well. Hence by the principle of mathematical induction :

vt >0 [|pe]| < Cp +2C,

Lemma A.26. The A(0) matrix defined below is negative definite for all values of 6 (6 is the policy parameter).

A(6) = / 4 () (& () / P (s/]s)¢(s') ds' — ¢ (s))T — nI) ds

Ve 2TA@)x < -\||z|[?, A>0

n is the 12-regularisation coefficient from Algorithm 2 and n > A\ where N is defined in the proof below.

max’ max

50



Average Reward Actor-Critic

Proof. Let:
/d” o ( /P’T( 19)6™(s') ds' — ¢™(5))T) ds = A(6) + nl (A35)

Here, 7 is the 12-regularization coefficient from Algorithm 2.

A(O)T + A'(0
aTA'(0)z = 27 (%)x < Aoz (0)]]2] ]2
A(0)T + A'(0 A(0)T + A'(0
Here, (#) is a symmetric matrix and A4, () is the maximum eigen value of the (%) Using
Al from Assumption A.5:
= 2TA'(0)z < Ajg, ||zl
aT(A(0) = D)z < (N, — )|l
eTA0)z < (e — n)llal]* (using A45)
Here, if we take 7 > A% then we can set A = 1 — A% .
= Vo 2TA)z < -N|z|[*, A>0
O

Lemma A.27. Let 61 and 05 be the policy parameter for w1 and 7o respectively. d™ (-) and d™(-) be the stationary state
distribution for w1 and o respectively. Here, Dy denotes the total variation distance between two probability distribution
function. We have:

/|d”1 — d™(s)|ds = 2Dy (d™, d™) < Ly||0, — 05|

Here, Ly = 2" ([log,, a='] + 1/k)Ly. Ly is the Lipchitz constant for the transition probability density function
(Assumption A.1). Constants a and k are from Assumption 3.3, n is the dimension of state space.

Proof.
/ ‘dﬂ—l (S) —d™ (S)| ds = 2DTV(d‘ﬂ'1’dﬂ'2) = QDT\/(p,l, ug)

Let 11 and po be the stationary state probability measure for 71 and 7o respectively. Then we have :
dpy = d™(s)ds
dpe = d™(s) ds

Using the result of Theorem 3.1 of Mitrophanov (2005):

1
2Dry (i1, 12) < 2(Tlog, ™1 + )| K1 = Kallry (A36)

where K7 and K are probability transition kernel for markov chain induced by policy 71 and 7.

From (A.36):

1K — Kl < sup H/ (ds) (B2 (-|3) — Ka(]9))| v

llgllTv=1
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I / 9(ds) (K (15) ~ Ko v < sup | / / ) (K — K)(ds')s)g(ds)
< sup | / / F(&) (P (5)s) — P(/)3)) (5'|)g(ds)ds|

[f1<1

< mp / £ (P (5']s) — P™(s'|s)|g(ds)ds’

< L||64 —92||/9(d5)/d5/

< 2™ L6 — 62|

= |[K1 — Ka| <27 Ly[|01 — 62| (A.37)
From (A.36) and (A.37):
1
[1a7'(s) = ()] ds = 2Dyl @) < 24 (log,.a” ]+ DLI6) — 6]
< Lql|01 — 62|
O

Lemma A.28. The optimal critic parameter w} according to compatible function approximation Lemma (3.2) is bounded
by constant C’u,:.
|Jwg| < Cw:
Proof. From Lemma3.2:
vgp(ﬂ—) = dﬂ'(s)an‘Idriff(&a)‘a:ﬂ'(s)VGﬂ—(s?e) ds

d”(s)VaQZ’fiff(& a)|a=r(s)Vor(s,0)ds

Il

d™(s)Vem(s,0)Ver(s,0)Tw! ds
= E[Vgr(s,0)Ver(s,0)T|w}
Here,

Hy = E[Vgr(s,0)Vom(s,0)7]

Vop(m) = Hyw
= w! = H, 'Vop(n)
= [[wi]| < |[Hy || [[Vop(m)l|

By using Assumption A.6, the lower bound on minimum eigenvalue of Hy for all 0 is A, ,,, and using Assumption 4.3 and
44:
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Lemma A.29. The average reward performance metric, defined in (3), p(7)(p(0)) is Lipchitz continuous wrt to the policy
(actor) parameter 6.

[lp(61) — p(62)]] < Lypl|01 — b2]|

Proof. Let 61 and 65 be the policy parameters of policy 7’ and .

1p(01) = p(02)[| = [|p(7") — p(m)]|
= \|/dﬂ’(s)m’(s) dsf/d”(s)R”(s)dsH

<\|/d“ —ar( >>R”<>ds||+||/d” (R™ (s) — R (s)) ds]|

< Lg||01 — 02]] (Lemma A.27)
+ L||0; — 62]] (Assumption A.2)
< (La+ Ly)[[01 — 6| = Lyl[6h — 02| (La+ Ly = Ly)

O

Lemma A.30. The optimal critic parameter w(6;)* as a function of actor parameter 0y is Lipchitz continuous with constant
L, for off-policy case. Note: wi = w(0;)*. w is the behaviour policy.

lwi — wiall < Loll0e1 — 04|

Proof. 1) is the 12-regularisation coefficient from Algorithm 3 and n > x %! . where Y%  is defined in Lemma A.31.

Because of carefully setting the value of 7, A(6;) is negative definite. Thus, for on-policy TD(0) with 12-regularization and
target estimators, the following condition holds true for optimal critic parameter wy :

E[(R(s) — p;)o" (s) + (¢ (s)(E[@" (s')] — @7 (5))T — nI)w;] = 0
b(6:) := E[(R"(s) — p;)¢" (s)]
A(0r) = E[(¢" (s)(E[¢" ()] = ¢ (s))T — nI)]

Expectation above is with respect to stationary state distribution d*(-) of policy u. Please note the abuse of notation here,
A(0,) is actually same as A7, .(6;) of Lemma A.31.

[[wi —wiall = [|AB) T 6(6:) — A(Ber1) ™ b(Ge1)]|
< | A(B:) " b(6s) — A(Ber1) " b(0:) + A(Br1) " 0(8:) — A(Bri1) " 0(0e11) |

(A.38)
<||AO:) ™t — A(Oe1) | [10(0)]] D
+ [|A(Or41)~ 1” 116(6:) — b(0e41)|| @
From (A.38):
(D:
JA(O:) ™" — A1) M| = [|A(0:) " A(Or41) A(Ory1) " — A(0r) " A(0:)* (O141) | (A39)

< 1A@G) I AB) — A )| [[AB+1) |
From (A.39):
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Here, 7’ and 7 represents the policy with parameter 6, 1 and 6, respectively and p be the behaviour policy .

1460 = Al <11 [ @)@ (9 [ PH19)07 () s’ = 67 ()7 = ) ds
= [ @[ P96 ds = 67(s)T —nn)ds|
<II [ @67 / S 1s)6™ (') ds')T) ds (A40)
/ (s / P |s)o () ds ) ds]| @
<I| [ @)@ @@ @M ds— [ @66 () @M dsl] @

From (A .40):

| [ /Pﬂ 19167 (s M) ds = [ @)@ 6)( [ P10 () ds')T) s
<11 [@(s) = ar()e” () [ PH(s1s)6 () ds' )|

+ II/d“(s)(aﬁ” — @7 (s /P“ Y ds')T ds||

| [ @06 @) [ (Prsls) — Prs)e () ds')7 s

| [ @@ @) [ Pl () - 67(s) dsm)ds

< Lgll0s41 —0¢]]  (Assumption 4.5)
+ Ly||0t41 —0:]]  (Assumption 4.5)

| [ @@ @[ Pt () dsiTds - [ @)@ ([ Prsleen (s ds)T ds|

(A.41)
< 2L4 0141 — 04
From (A.40):
@
I [ 65165 ds - / ()¢ (5)(0™ (5))7) ds]
" T
<|\/d =67 ()@ () ds| )
+\|/dﬂ )6 (5) (67 () — & (3))T ds]|

< 2040141 — 04]]

Using (A.41) and (A.42) in (A.40)
A(®:) = ABr)l| < (4L + Lo) 16151 — 64 (A43)
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From (A.38):

@
1660 = 860l = [ () (R (5) = pi )67 (s)ds = [ () (B (5) = 1)o7 ds|
< || [ )6 () ds [ d (o) R )67 (s)ds]|
I [ @ )piae (s = [ @ (opien(s)as)
<I| [ @) s) - B (s (s) s
HI [ @R )6 () - () |
L[ @) — e ()

H| [ @067 () - 7o) ]

< CrLy||0r41 — 04| (Assumption 4.2)
+ L0141 — 04| (Lemma A.29)

+ CrLg||0s41 — 64| (Assumption 4.2)

= |[[b(6:) — b(Or+1)|| < (2C, Ly + Lyp)||0s11 — 04| (A.44)

Using (A.39), (A.43) and (A.44) in (A.38):

[lwi —wipa |l < JAG) ™" = A1) " O] + 11 AGe+1) ] 16(2) — b(Brs1)]|
< 1AG) M 1JAB:) — AOeq1)] || ABerr) ] [16(62)]|
+ [A@e41) 7| 1]6(8:) = b(B1)]
< AL |[A0) M| (| AB1) " 1[6(8)]] [|0e11 — 4|
+ (2C, Ly + Lp)||AOr1) M| 110141 — 64|

Note:

* (@) =11 [ d*(s) (67 (s)(¢™(s))T) ds|| < C;  (Assumption 4.2)

* Let Ay, is the lower bound on eigen values of A(6) for all 6.

.. CaLy)
oy _wt+1||§ 2‘¢ |10t41 — 04]]
+ (QCTL¢ + Lp)

)\min

< Ly||0p1 — 04|

[|0r41 — 0|

where,

AC,Ly  CyLg
L, =
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Lemma A.31. The Af:ff (0) matrix defined below is negative definite for all values of 6 (6 is the policy parameter). 0" is
the policy parameter for behaviour policy .

A% (0) = / () (8 (5)( / P (s/|)¢™(s') ds’ — ¢7(s))T — nI)ds

Vo aTAD (0)r < “AMz||>, A>0

1 is the [2-regularisation coefficient from Algorithm 3 and n > x . where x% is defined in the proof below.
Proof. Let:
A,0) = [ @@ @[ P90 ds = 07 ()7 ds = ALy (0) + 1 (A45)

Here, 7 is the 12-regularization coefficient from Algorithm 2.

x < Xmaw(a)HxHQ

Al (O)T + Ay (0)
( )

TAY T
2T AL (0)x =a 5

A¥(0)T + A, (6
Here, ( of f (6) 5 of f ( )) is a symmetric matrix and Xjne(0) is the maximum eigenvalue of the
A¥(0)T + A¥, (6
( o) 5 ors( )>.Using 4L from Assumption A.7:

= aTAY(0)7 < Xinao|l2]?

max

2T (Af5(0) = 1)z < (Xfnae — M)l

Xmam

2T AL p(0)a < (Xinaw — 1)|z]* (using A.45)

all
max

all

max*

Here, if we take n > x then we can set A = 1 — x

= Vo aTAL(0)z < —Aal]?, A>0

A.4. Asymptotic Convergence Analysis

Theorem A.32. In Algorithm 4, let policy parameter 0; be kept constant at 6. The critic parameter w; and the target critic
parameter Wy converges to w(0)*. Also, average reward estimator p; and target average reward estimator p; converges to

p(0)".

Proof. For simplicity of proof we are assuming the batch size M to be 1. Critic parameter w; € R¥, ¢7(s) € R¥ and p; is a
scalar. Let the update rules used for critic parameter and average reward estimator be as follows:

Wip1 = Wi + (Rﬂ(st) — pr+ @™ (s) Ty — ¢ﬂ(5t)th)¢”(8t) — aynwy

prir = po+ o (R7(s0) = pu+ 67(s) T, — 67 (s) T ) (A.46)
W1 = Wi + Br(Wig1 — Wy)

Pry1 = Pr + Be(pev1 — Py)

56



Average Reward Actor-Critic

Let us define z; as [wy p¢|T and Z; as [w; p¢|T. 0is a vector in R¥ and Iy is an identity matrix in REFD>(E+1) with
Iy[k][k] = O (assuming indexing starts from 0).

et =] o (e [0+ [ ) ]
_[¢”(8t)0¢;”(8t)T (1)H }—nlo{ D (A47)

] = 1] ] - 7

] =l o G [D)

pere, (o) |1 | = gl atonst) = | 0TSmO ana ) = [T )

Zt4+1 = 2+ oy (Rg(St) + Ag(se,81) 2 — (Bg(se) + 77[0)216)

B B B (A.48)
Zip1 = Zt + Be(2e41 — Z¢)

Now, we will use the extension of stability criteria for iterates given Borkar & Meyn (2000) to two timescale stochastic
approximation scheme (Lakshminarayanan & Bhatnagar, 2017) to show the boundedness of the critic parameter and average
reward estimator together. Let us write A.48 in the standard form of stochastic approximation scheme.

Zt41 = 2t (h(zt, Et) + Mt1+1)

Let, R} = [ d™(se) Ry (s¢) dse, Ap = [gd™(s1) [g P™(st|51)Ag(se, 81) dstdsy, By = [ d™(s1)Bg(s) st

Here,

h(zt, zt) Z/ d™ (s1) (R (s1) + Ag(se, 51) 7 — (Bg(se) +nlo)zt) ds
s
=Rj + Ayz — (By + nlo) 2
My =R} (s1) + Ap(st,51)Z — (Bg(st) +nlo)ze — h(2e, %)

Ziy1 =2 + By (Q(Zt, Z) + Mt2+1 + 6(”))
Here,
9(z, 2) :)\(5:5) — Zt
My =
A(z) =(B¢ +nlo) " (RE + Agz)
6(7’1) =Zt41 — A(Et)
A(Z) is the unique globally asymptotically stable equilibrium point of the ODE 2 = h(z(t), Z). A used here has no relation to

usage of )\ in any other section of the paper. Using Lemma 1 of Chapter 6 of (Borkar, 2009), we have ||z;11 — A\(Z:)|| — 0.
Hence ¢(n) = o(1). Therefore we can use the conclusion of (Lakshminarayanan & Bhatnagar, 2017).

We will now satisfy condition Al till condition A5 of (Lakshminarayanan & Bhatnagar, 2017) to prove the boundedness of
the critic parameter:
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Condition A1:
[7(21,21) = (22, Z2) || = [[Ag(21 — Z2) — (By +nlo) (21 — 22) ||
<[ Agllllz1 = 22|l + | By + nloll[|21 — 22|
< max([|Agll, [ Bs +nloll) (21 — Za || + [|21 — z2]])
= L([|21 = 22|l + [|[21 — 22[l) (Ln = max(|[A4][, | B +nlol))

(A49)

Therefore, h(z, Z) is Lipchitz continuous with constant Ly,.

l9(z1,21) = g(22, Z2)ll = I((Bs +nlo) Ay — I)(Z1 = 2)|
< 1By + o) Ap — DIl 21 — 2| (A.50)
= Lgllzs = 2zl (Lg = [I((By +nlo)As — DII)

Therefore, g(z, Z) is Lipchitz continuous with constant L.
Using A.49 and A.50, condition Al is satisfied.

Condition A2:
Let us define an increasing sequence of o—fields {F;} as {2, Zm, ML, M2 m < t}.

E[M; 1|7 = E[R}(s¢) + Ag(se, s1)2z — (Bg(se) + nlo)ze — h(ze, z) | Fi]
_ /Sd”(st)(Rg(st) T Ay (50,57 — (Bo(se) + ndo)ze) dse — h(ze, 2)

=0

E[M;|F] =0
Hence, {M}} and {M?} are martingale difference sequence.
IMilI? = [I(RF (s¢) — Ro) + (Ag(se,51) — Ag)Ze — (By(st) — Bo(se))z|”
< 3(IRG(se) — Ryll* + |(Ag (st 51) — Ap)IP[|Ze]1* + 1By (s0) — Bo(se))lI*[lze?)
< Ki(1+ [z + [12)1%)
Here, K1 = 6max(||RF(se)l [[(Ag(st, s, [[Bs(se)) and it follows from Assumption 4.1 and 4.2. We have,

E[|MiaPlF] < Ki(U+ (|27 + [12:07) and B[MZ (1717 < Ka(1 + ||z/1* + [|12:]1*). K2 can be any positive
constant. Hence condition A2 is satisfied.

Condition A3:
c

c
We have, >, ap =37, (137?)0 =00, Bt =2 ﬁ =ooand ), (o + B7) = 3, (((1??)0)2 + ((1+§)u)2) < 0.
We can carefully set the value of o and u to satisfy the conditions on step sizes. Further if o < u then 5, = o(a).

Condition A4:
R™ + cAyz — c(By +nlp)=
he(z,2) = " ¢2t (By +nlo)2t

c

RT + cAyz — ¢(By + nlp)z

lim h.(z,z) = lim ¢ o (Bo + o)z
c—00 c—00 C

= Apz — (By +nlo)z
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Let us define hoo (24, %) := AgZ — (Bg + nlo)z.The ODE £(t) := hoo(2(t),2) has a unique globally asymptot-
ically stable equilibrium point Ao (2) = (By + nlo) 1Az if (By + nlp) is positive definite matrix. Let Cy =
Jsd™(s0)07 (5¢)87™ (1) dsy.

= Cy+nl 0

Cot+nl 0
vt 7) [ "o 1} m = wT(Cy +nlw + p?

If 7 is strictly greater than negative of the minimum eigenvalue of Cy then,
w 0 Co+nl 0 |w
T
GlAb] e ]

BB o oo o

(A.51)

Hence, for 7 + Apin(Cys) > 0, By + 1l is positive definite matrix. Therefore, the ODE £(t) := hoo(2(t), Z) has a unique
globally asymptotically stable equilibrium point Ao, (Z) and A (0) = 0. Condition A4 is satisfied.

Condition AS:

9(cAoo(2), 2)
o
(Bg +nlo) (R} + cAyz) — cz
~ c (A.52)
. . (Bg+nlo) N (R} + cAyZ) — ¢z
lim g.(z) = lim
c— 00 c—00 cC

= (B +nlo) " Agz — 2

9e(2) :=

9:(2) =

Let us define g, := ((By +nlo) ' Ag — I)Z. The ODE Z(t) = goo(Z(t)) has origin as its unique globally asymptotically
stable equilibrium if I — (Bg + nly) ~! A, is positive definite matrix.

|| - || refers to L2-norm. ), are the eigenvalues of the matrix C'y. Let us assume the following:

1 _ 1
max(1, max = |[(Bg + nl < —
1(By +nlo) || Al < 1
Iz(Bg +nlo) "l Apllllzll < [l (A.53)

2T (By + nlo) "' Az || < [l
27 (By +nlo) " Az < o]
xT(I — (Bg +nlp) " Ag)z >0

I

Hence, if max(1, max;(
At
Z(t) = goo(2(t)) has origin as its unique globally asymptotically stable. Condition A5 is satisfied.

Let us the consider the ODE %(t) = h(z(t), z). Here, h(z(t),z) = Rg + Apz — (By + nlo)z(t) As earlier, for n +
Amin(Cy) > 0, By + 1l is positive definite matrix. Therefore, the ODE 2(t) := h(z(t),z) has a unique globally
asymptotically stable equilibrium point A(2) = (B +1lo) " (R} + AyZ).

1 _
) < T4 then I — (B, + nlo) "' Ay is positive definite matrix. Therefore, the ODE
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Now, consider the ODE z(t) = g(A(z(t)), z(¢)). Here, g(A\(2(t)), 2(t)) = A(2(¢)) — 2(t) = (B +n[o)*1Rg —(I—(Bg+
nlo) "1 Ag)Z(t). For max(1, max;(

1 1 _
) < , I — (Bg +nly)~t A, is positive definite matrix. Therefor the
. NCo)i+n” " A em 1
ODE 2(t) = g(A(2(?)), Z(t)) has a unique globally asymptotically stable equilibrium point (B, + nlo — Ay) ™' RT.

Since condition A1-A5 are satisfied, using the conclusion of (Lakshminarayanan & Bhatnagar, 2017), z;(= [w; p¢]T) and
Z(= [wr p]T) converges to (By + nlo — Ag) ™ RE (= [w(6)™ p(0)*]" = [w(6)* p(0)*]7). N

Lemma A.33. For policy w parameterized by 0 and optimal critic parameter w* (= w(0;)*) according to TheoremA.32, the
following condition holds true:

E[angi*ff(sa a)|a:7r(s)v97r(3)‘9] = VQ,O(ﬂ') +e”

Here, €™ denotes the error in gradient due to function approximation.
™ = / d”(s)((Vanj’i}f(s,a) — VaQ7if(5,0)la=r(s)) Vor(s) ds
S
Proof.

E[V Q% 1 (5:0)]an(e) Vor()10] = /g 0 (5) V0 QU1 (5,) Vo) m(s) ds

= /S dﬂ'(s)((anZ;ff(S; a) - Vaniff(S,a))|a:w(s)>veﬂ-(s) ds

T / 07 (5)V Qs (5. @)oo Vorn(s) ds
S

=Vyp(r)+e™ (Using Theorem 3.1)

We will now prove the convergence of policy parameter 0; (€ R¢) using the following update rule (M = 1):
Or1 =Ty (00 +7VaQl 11 (50 0)ar(o Vor(s0))

Here, s, is the state sampled from the buffer at time step t. I'c, : R? — Cj is a projection operator, where Cy is compact
convex set.

Theorem A.34. T'¢, : R — Cy is a projection operator, where Cy is compact convex set and f‘cg (0)Vgp(0) refers to
directional derivative of T'c, (+) in the direction Vgp(0) at 0. Let K = {0 € Cg\fce (0)Vyp(0) =0} and K = {0’ €
Cyl30 € K |0/ — 0| < €}. Ve > 0 36 such that if sup,, ||e” || < 0 then 0 converges to K€ as t — oo with probability one.
e™ is the function approximation error defined in Lemma A.33.

Proof. Let the o-field F7 for actor iterate be defined as o (s,,, m < t;60,,,n < t). We will use the Theorem 5.3.1 from
Chapter 5 of Kushner & Clark (2012) to prove convergence.

01 =Lc, (9t + 7 VaQyir s (5t a)'a:w(st)VHﬂ-(st))

(A.54)
01 =Ty (00 + (o (0) + Niga + M3,

Here,

ha(0r) =E[VaQ¥:1 (5, ) azr(s,) Vor(se)| F7]
Nig1 =E[VaQY 55 (510 amr(s)) Vor (si) | F7] — E[VaQUi 1 (51, )| amn(s,) Vo (s0)| F7)
Mf—&-l :anéUiff (Stv a)la:ﬂ'(st)VGﬂ-(St) - E[anéuiff (Stv a)‘a:ﬂsﬁ)vaﬂ(st)‘]:ﬁ
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Condition B1:

¢ Cy —
We have, >, a; = Zt%;;)u = 00, Y, B = Zt(pri?)u = 00, DM = th = oo and
Soulai + BE+97) = X, (((1+t)")2 + ((1?;)“)2 + (%)2) < oo. We can carefully set the value of o, u,
and v to satisfy the conditions on step sizes. Further if 0 < u < v then 8; = o(ay) and v = o(5t).

Condition B2: We will now prove that ho(¢) is Lipchitz continuous in 6.

Voha(6) =V [ 07 (0)" )T 00(5: @) ama Vore(s) ds
= [ Vo () (0)") V65 0) o V() ds D
+ [ @6 To0(0)) 5.0 o V() ds @ (A53)
+ [ @@ (V5.0 amr) V() ds @
/ 0 (8)(w(60)") TV.ab (s, @) () Vir(s) ds @)

Using Assumption4.4, 7 (s, #) is Lipchitz continuous in ¢ and hence Vy7(s) is bounded. By Assumption 4.5, ¢(s, a) is
Lipchitz continuous in ¢ and therefore V,¢(s, a) is bounded. Vyd™ (s) is bounded by application of Theorem 2.1 of Mao &
Song (2020). Further, Vyw(6)* is bounded because w(#)* is Lipchitz continuous in # (Lemma A.21). By Assumption A.8,
V27 (s) exists and is bounded because § € Cy. All the terms in A.55 are bounded. Consequently, Vph2(6) is bounded and
Lipchtiz continuous in 6.

Condition B3: Now, we will prove the noise terms N, 1 and M3 1 converges asymptotically. N4 is o(1) term because
wy converges w(6;)* according to Lemma A.32. Further,

~

&r 7tM§+1

~
Il
=}

!

Vi (Vaniff(stv a)|a:7r(5t)v97r(st) - ]E[Vaniff(stv a)|a:7r(5t)v97r(st)|}—t2])

t

Il
<

We will now prove that &; is a martingale process.

E[M? | F7]
= E[(Vaniff(Sta a)|a:w(5t)ve7r(5t) - ]E[VaQQUiff(Sta a)|a:rr(st)V97T(5t)|]:f])\]:tQ] (A.56)
= E[(VaQ}il}iff(sta a)|ﬂ:7'l'($t)v07r(st)) |-7:152] - E[ang)iff(stv a)‘a:W(sf,)veﬂ(Stﬂfﬂ
=0
T-1
E[€T|f%—1] :E[Z Tt t+1‘f72" 1]
t=0
T-2 . 5 o (A.57)
VM + E[MTLFT—J
t=0

=¢r_1 (Using A.36)
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T-1 . Tl
E[llér)?] :E[( ) %Mf’,+1) ( ) VWM;Q)"HH
Tilo i m=0
S s
=0 (A.58)
( Forn > mE[(M%)TMf’n} = E{(Mi)TE[Mf,J}"Q, ]] = 0)

T—1 9
< (Zvﬁ) supE{HMiHH } <0

n=0

We have Y, 72 < oo from condition B1. From Assumption 4.4 and 4.5 it can be proved that || M3 || is bounded. Therefore
E[[l¢r]?] < oo. Using A.57 and A.58 we have & is martingale process.

Now,

ZE{@H —&ll

t

72| = LB iataie| 7]
t

, (A.59)
< (o) o[t [[] <

By martingale convergence theorem of Chapter 11 of Borkar (2009) and using A.58 and A.59 it can proved that martingale
& converges and Y ", v, M3 | — 0ast — oo,

Hence the noise terms N1 and M3 1 converge asymptotically.
Condition B4: ||0;| is bounded because of projection operator I'c, .

Using Theorem 5.3.1 of Kushner & Clark (2012) with the satisfaction of condition B1-B4 ensures that A.54 tracks the ODE
Le, (CE + §y) —T¢, (1’)
5 .

given in A.60 and 6, converges to K¢ as t — oo where T'c, (y)(2) = lims_, o0

0(t) =Tc, (0(t)ha(0(t)) = T, (8(2))(Vop(6(t)) + €™")  (Using Lemma A.33) (A.60)

Further, as sup,, [|€™|| — 0, A.54 tracks the ODE given in A.61 and 6, converges to K as t — cc.

O(t) =T, (0(t))(Vop(A(t))) (Using Lemma A.33) (A.61)
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B. Algorithm and Hyperparameters
B.1. (Off-Policy) ARO-DDPG Practical Algorithm

Algorithm 1 (Off-Policy) ARO-DDPG Practical Algorithm

Initialize actor parameter § and critic parameters w, , wo.Initialize actor target parameter  — 6
Initialize critic target parameters w; — Wy, wo — W». Initialize average reward parameter p.
Initialize target average reward parameter p — p. Initialize Replay buffer = {}

1: t =0, sg = env.reset()
2: while ¢ < total steps do
3:  a; = w(st) + € {e denotes the noise}

4: 8441 ~ P(:|st,a¢) and ry = R(sy, ar)
5:  Store {s:, at, S¢+1} in the Replay Buffer
6: if ¢t % eval_freq == 0 then
7: Evaluate(agent)
8: endif
9: if ¢ % critic_update_freq == 0 then
10: Update critic according to (24) - (27)
11:  endif
12:  if t % actor_update_freq == 0 then
13: Update actor according to (28) - (29)
14: Update target estimators according to (30) - (32)
15:  endif
16:  if s;4; is terminal then
17: s; = env.reset()
18:  else
19: St = St+1
20:  end if

21: end while

B.2. Finite time analysis algorithm

Here we present the algorithm with linear function approximator for which finite time analysis was done. B; denotes
the batch of tuple of the form {s;, a;, s;} sampled from the buffer at timestep ¢. I, is a projection operator defined as
I, : R¥ — B, where B(C R¥) is a compact convex set. Here, the critic parameter w € R¥.
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Algorithm 2 On-policy AR-DPG with Linear FA

Initialize actor parameter 6 and critic parameters w. Initialize actor target parameter 6 — 6.
Initialize critic target parameters w — w.Initialize average reward parameter p
Initialize target average reward parameter p — p
Initialize buffer = {}
1: t =0, sg =env.reset()
2: while ¢ < total steps do
3: ay = w(st) + € {eis the noise}

4. St+1 NP("S,g,at) andrt :R(st,at)

5:  Store {s¢, at, S¢4+1} in the Buffer

6: if t % critic_update_freq == 0 then

7 Sample B; = {s;, a;, s;} 2" from the Replay Buffer

8: wip1 = L'g,, (wt + % Zﬁal (R’T(s,;) -+ QSW(S;)TU_% _ ¢ﬂ(5i)th)¢ﬂ(si) — amwt)
9: Pi+1 = Pt + % E?ial (Rﬂ(si) — pi + Q7 (s])Twy — ¢ﬂ(5i)th)
10: Wiy = Wi + ﬂt(th — Et+1)

11 Pry1 = Py + Be(pe41 — Prya)

20 s = 0+ 20 0 VaQ (512 @) ama(en) Vo (s:)

13: buffer = {}

14:  endif

15:  if syyq is terminal then

16: s; = env.reset()

17:  else

18: St = St+1

19:  end if

20: end while

Algorithm 3 Off-policy AR-DPG with Linear FA

Initialize actor parameter 6 and critic parameters w. Initialize actor target parameter § — 6
Initialize critic target parameters w — w. Initialize average reward parameter p
Initialize target average reward parameter p — p. p is the behavior policy
Initialize Replay buffer = {}
1: t =0, sg = env.reset()
2: while ¢ < total steps do
3: ay = pu(se) + € {eis the noise}

4: St+1 ™~ P("St,at) and Ty = R(St, at)

5:  Store {s;, at, S¢+1} in the Replay Buffer

6:  Sample B; = {s;, ai,ds;}f‘igl from the Replay Buffer

7w = Lo (w4 S ST (RE(s) = i+ 7 ()T, — 67 (s0)Tun )67 (51) —
a’ - us n us T

8 prer = pet 57 UGt (R (s) = pu+ 7 (s) T — 97 (s1) T )

9: Wi =Wy + Br(wigr — Wis1)

10: Py =Py + Be(pr1 — Pry)

1 fpr = 0+ 20 S0 VaQi (510 @) (s Vor(s:)

12:  if sy is terminal then

13: s¢ = env.reset()
14:  else

15: St = S¢4+1

16:  end if

17: end while
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B.3. Asymptotic analysis algorithm

Here we present the algorithm with linear function approximator for which asymptotic analysis was done. B, denotes
the batch of tuple of the form {s;, a;, s;} sampled from the buffer at timestep ¢. I'c, is a projection operator defined as
T, : RY — Oy, where Cy(C R?) is a compact convex set. Here, the actor parameter € R,

Algorithm 4 On-policy AR-DPG with Linear FA

Initialize actor parameter 6 and critic parameters w. Initialize actor target parameter § — 6.
Initialize critic target parameters w — w.Initialize average reward parameter p

Initialize target average reward parameter p — p

Initialize buffer = {}

1: t =0, sg =env.reset()

2: while ¢ < total steps do

3:  ay = w(st) + € {eis the noise}

4: spy1 ~ P(|st,a) and ry = R(s¢, ay)

5:  Store {s;, a, S¢41  in the Buffer

6: if ¢ % critic_update_freq == 0 then

7: Sample B; = {s;,a;, s} 22" from the Replay Buffer

8: Wy = Wy + % Zﬁal (R’T(si) —pr + ¢7r(s§)Tu7t _ gbﬂ(si)th)d)ﬂ(Si) — anwy
9 prr = pet 57 UG (R s = pu+ 7 ()T — 07 (s1) T )
10: W1 = Wy + Pe(Wir1 — Wet1)
11: Pry1 = Py T+ Bi(pr+1 — ﬁt+1)
12: Orr1 =T¢, <9t + % iy VaQiiss(si, a)|a:7r(si)v97r(5i))
13: buffer = {}
14:  end if
15:  if sy is terminal then
16: s; = env.reset()
17:  else
18: St = St+4+1
19:  endif

20: end while
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Algorithm 5 Off-policy AR-DPG with Linear FA
Initialize actor parameter 6 and critic parameters w
Initialize actor target parameter # — 6 and
Initialize critic target parameters w — w

Initialize average reward parameter p and
Initialize target average reward parameter p — p
w is the behavior policy

Initialize Replay buffer = {}

1: t =0, sg =env.reset()
2: while ¢ < total steps do
3: ay = p(st) + € {eis the noise}

4. St41 P(-\st,at) and Tt = R(St, Clt)
5:  Store {s¢, at, S¢41} in the Replay Buffer
6:  Sample B, = {s;,a;, s;} 25" from the Replay Buffer
e Z _ _
T Wi = we Mt D (R“(Si) — P+ ¢ (s7)Twy — ¢ﬂ(5i)th)¢w(5i) — ounwy
a _ _ _
8 prr = pet 50 M (R (si) = po+ 67 ()T, — 67 (s) T )

D Wiy = Wi + Pe(Wegr — Wegr)
10: Pyy1 = Py + Be(pea1 — Pry1)

;O =T, (9t + SN QY (s, a)|a:7r(sj)ve7r(si))

M
12:  if syyq is terminal then
13: s; = env.reset()
14:  else
15: St = St+1
16:  endif

17: end while

B.4. Hyperparameters

The hyper-parameters mentioned in this section produces good performance for all the environment save for fish-upright”
where we used GeLU activation function.

Hyperparameter Value
Buffer Size le6
Total Environment Steps le6
Batch size 256
Evaluation Frequency 5000
Training Episode Length 1000
Evaluation Episode Length 10000
Activation Function ReLU
Learning rate Actor 3e-4
Learning rate Critic 3e-4
Learning rate Average reward parameter 3e-4
No. of Hidden Layers 2
No. of Nodes in Hidden Layer 128
Update frequency 10 steps
No. of Critic updates 10
No. of Actor updates 5
Polyak averaging constant 0.995
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